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Abstract

In this paper, we obtain basic flow solutions for stationary viscous flow between two
rotating coaxial cylinders by solving the Navier -Stokes's equations in the cylindrical
coordinates system (r, 8, z) for viscous incompressible fluid,simplyfied the equations and

obtained analyticaly is a Zero — Order Bessel's Function in one variable.

Key Words: viscous flow, rotating, Navier -Stokes's equations , coaxial cylinders , pressure,
stationary solution, perturbation equations, couette flow.


http://www.hnjournal.net/

ANALYTICAL SOLUTION ON COUETTE FLOW HNSJ Volume 3. Issue 10

) Glgis

95 il el S

| ) ) 2 2 Gharle

Laseadl Gujal) ASLeall ¢ Al ¢ uall de s plan juaY) daals !
: sulimanmaleeh@gmail.com g <Y1 al)
Lagead) Lupall ASLeall ¢ (ks ¢ Ol daala ¢ aslall LS ¢ lucali)l) acd 2

: amoaf84@gmail.com : g SN )
HNSJ, 2022, 3(10); https://doi.org/10.53796/hnsj3102

22022/09/05 :J sl s £2022/10/01 : &3
galdiual

— bl ¥ gile Legiy psaall (ifinaie b G Gyl il Lwlul) L) s e Jomsi dysll o3 b
O i A1y e Ll Uliany cValeal) Jansd 5 alsha¥) cldla¥) b oSl — il ciales Jas ollh, £3)

aly e b Al 49l

Page | 21 Humanities and Natural Sciences Journal Sheen & Abasher . October, 2022 www.hniournal.net


mailto:amoaf84@gmail.com

ANALYTICAL SOLUTION ON COUETTE FLOW HNSJ Volume 3. Issue 10
1LINTRODUCTION

The Navier -Stokes's equations for the velocity u = (u,, ug, u,) and the pressure p can be written in
the form

ou, ug 9 (p ) 2 0ug U,
3t +(”-‘7>“r‘7—7(;)+V(‘7 W~ 1) D
Jdug uug 0 (p 5 2 0u, ug
e TV - —%(;)”(V U~ 7355 ~73) 1.2)
ou, d (p 5
5t + (u.V)u, _E(E) + vVu, (1.3)
in[1]
Where w.V)=u, % + ur—":—g +u, % (1.4)
0% 10 1 092 0%
in[2]

The continuity equation in the cylindrical coordinates is given by,

ou, u, 10dug OJu,

ot tree a0 (1.6)
B

V(r)= Ar +? (1.7)

In [3]

These aforementioned equations allow a stationary solution of the form
U =u, =0 and uy =1rQ(r) (1.8)

Thus, Navier -Stokes's equations

Reduced to %(E) = VTZ (1.9)
and v(vr-Z)=vo(S+3)v =0 (1.10)
in [ 3]

2.THE PERTURBATION EQUATIONS AND THE NORMAL MODE

In order to investigate the solutions of the flow system described by equations (1.9) We consider an
infinitesimal of the basic flow is given by (1.8) by assuming that the perturbed flow is given by
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_dp

p 2.1)

u,, V+ug,u, and (0]

Assuming that the various perturbations are axisymmetric and independent of 6, and v =
0 (ideal fluid — water).From (1.1) - (1.3) we gain the following linearized equations as

ou, ) v ow 22
ot r o= or (22)
aug av V
7+(E+;>ur—0 (23)
In [3]
. ou; _ _ 0w 24
an ot oz 24)
where V2 is defined by
Vi= 62+16+62 2.5
C0r2  ror 0z2 (25)
And the equation of continuity reduces to
ou, u, 0%u,
— =0 (2.6)

or r  0z?
By analyzing the disturbance into normal modes. We assume that the disturbances are of the

following form

— ,pt . — pbt [
u, = ePtu(r)coskz; u, =e w(T)Sme} (2.7)

ug = ePv(r)coskz @ = eP'w(r)coskz
in[4]

where k is the wave number of the disturbance in the axial direction, and p is a constant which can be
complex.

Substituting (2.7) in equations (2.2) - (2.6), we get

+2V _dw 28

pu —v = (2.8)
—pv—(D,)u=0 (2.9)
pw = kw (2.10)

) d 1\ d ) ) 1 )

V:(E-I_;)E_k =D.D -k :DD*-I_T—Z_k’ (211)
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D,u=—-kw

In[3]

D,u
k

then w=-

substitute w in equation (2.10), we obtain

k2
Du=——w
14

From equation (2.14), we find
w= — %D*u
Substituting (2.15) in equation (2.8), yields

p
k2

%4
D(D,u) —pu+ Z?U =0
By multiplying equation (2.9) by (2 g ), and multiplying equation (2.16) by P
We obtain,

20y —2X vy =0
pPLv U=

2
P 2 V=
ﬁ(DD*)u—p u+2p7v =0

Now, summation equation (2.17) to equation (2.18), we obtain

2

V
p—z (DD)u —p*u—2—(D,V)u=0
k r
a 1 a2 1d 1

(4 1d 1 ’ 2<A+B>[<d+1 (4 +2 =0
k2\dr? rdr r? u-p T2 dr r) r ?>]u—
angular velocity is
B B
o) =A+—, dD(r)=4A(A+—2)
r r

in[1]

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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where @ (1) is a real function

By Substituting (2.22) at equation (2.21) We get:

d’u  1du u 2 k2 _

F-F;E—r—z—k u+p—ZCDu—O (2.23)
d’u . 1du 2@ 1 .

dr? + T dr + {{k (pz B 1) _rz}u =0 (2.24)

Equation (2.24) is a Zero — Order Bessel's Function, with the solution

u = by Jo(yr) + by Yo (yr) (2.25)

{CD
where, y=k ? -1 (2.26)

3.RESULT AND CONCLUSION

in[5]

(1) Bessel's Function are closely associated with problems processing circular or cylindrical
symmetry, because of their close association with cylindrical domains.in[5]

(2) The solutions of Bessel's equation are called cylinder functions. Bessel's Function of the first kind
and second kind are special cases of cylinder functions.

(3)b; and b, are constants of integration in Equation (2.25),and J, and Y,

are the Bessel functions of the first and the second kind.

The term Y|, in the solution (2.25) is absent because it is divergent , that means
either Y, — 0 or the constant b, — 0, in this case we have chose b, — 0

We then have the solution

u = by Jo(yr) (2.27)
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