Humanitarian & Natural peer-Reviewed Journal
Sciences Journal Indexed at: NSP - SJIF
ISSN: (e) 2709-0833 Arabic Impact Factor 2020 = 0.44
www.hnjournal.net

RESEARCH ARTICLE

NEW SUBCLASS OF HARMONIC UNIVALENT FUNCTIONS
ASSOCIATED WITH ASYMMETRIC DIFFERENTIAL
OPERATOR

Salma faraj Ramadan?

1 Sabratha university, Libya
Email: naji.salma@sabu.edu.ly

Published at 01/07/2021 Accepted at 28/06/2021

Abstract
In this paper, we introduce a new subclass of harmonic univalent functions in the

open unit disk U by using a symmetric differential operator. Properties for the class

Q. (M, 4,4, 4,8) and Q.. (m, 4,4, 8,8) are established.
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1. Introduction:
Let u,v be real harmonic functions in a simply connected domain E , then the continuous complex-valued

function f =u +1iv is said to be harmonic in E . In any simply connected domain E <[] , we can write
f(z)=h(z)+9(z). (1.1)

where f and g are analytic in E . We call h the analytic part and g co-analytic part of f . The function is

sense preserving and univalent in E , if the Jacobian of f , J, ,, =|h’(z )‘—‘g '(z )‘ >0 see [7]. Let H

denote the class of functions of the form (1.1) , which are harmonic, univalent and sense-preserving in the open

unitdisk U ={z :|z| <1} with f (0)=h(0)=0 and f, (0) =1. We define
z)=1 +ianz”, g(z):ibnz”, lb,|<1. (1.2)
n=2 n=1

Note that, if the co-analytic of f is zero, then the class H reduces to the class of normalized analytic
functions.

Also let H denote the subclass of H consisting of functions f = h +§ in the form
z)=z-YJa|z", 9(z)=D ", |p|<1. (1.3)
n=2 n=1

Definition 1: Let f € A, which is analytic and univalent in U . For a function f (z ),We formula the

symmetric differential operator as follows:
Sy.f(z)-f(z)=0

Siat (2)-(1-2)f (Z)

(= 2)2f '(2)= 21 '(-2)
g frsfoe o)
“2 43 (A=A (1 (-0"))+1-4 faz"
S, (2)=81, (51,1 (2))=2 + 3 n(4-2(1+(-1))+1-4] a7

I f(2)= +Z[ (21—42(1+(—1)" ))+1—4 az
(1.4)
For 4,20, A, <A, . Wenotthat when A4, =0, we have Al-Oboudi differential operator [1], we may say that
(1.2) is the symmetric Al-Oboudi differential operator, and the symmetric Al-Oboudi integral operator 32 A

will be as:

- 1
~m _ n
3 f(2)=2+) —a,z". (1.5)

2| n(4- (L4 (-2) ) +1-4
We also not that when 4, =1 in (1,4) and (1.5), we have the symmetric Salagean differential and integral

operator respectively, studied by W. Ibrahim and M. Darus [3].
For f =h+g given by (1.2), we define the operator Sﬂ’jﬂz as

SHA (z):Sm h(z)+(-1)"S],g(z), 420, 4 =4, meN,, (1.6)
suchthat S™, h(2) =2 +Z[ (4—@(1+(—1)”))+1—4Ta z
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sI.g(z ):Z;[n(ﬂl—ﬂ?(lﬂ—l)” ))+1—/11J b,z
Definition 2: A function f € H is said to be in the class Q, (m,ﬂi,ﬂz,ﬁ,é) if it satisfies the following
condition

Re{(1+(e‘9+ﬁ))%—(e”’+,B)}>5, 0<6<1, B=0, Oell, (1.7)

where S, f (z) is defined by (1,6).
Also, we let the subclass QH (m,ﬂi,ﬂz,ﬂﬁ) consists of harmonic functions f . =h +a such that h and

g,, are of the form

=z-2 2" 9. (2)=(-1)" 2l |z". (18)
n=2 n=1
We note that the class Q ; (m 2,,0,0, 5) =MH (n,/I, y/) introduced and studied by Yalcin S. et al. [8].

when Q,; (0,1,0,0,6) =G, () which is defined and studied by Rosy et al. [4].

In this paper, we will give suff|C|ent condition for functions f given by (1.1) to be in the class
Q. (M, 4, 4, B,6) and it is shown that this coefficient condition is also necessary for functions in the class

Q, (m, A, 4, B,8) . Also we obtain distortion theorem and the extreme points for functions in the class
Q, (M, 4, 4,..5).

2. Coefficient bound
We first begin with a sufficient condition for function f (z ) of the form (1.1), and for function f_(z) of

the form (1.8), to be in the classes Q, (m, 4, 4,, ,6) and Q, (M, 4,2, 3,5) respectively.
Theorem2.1Let f =h +§ be given by (1.1). If

i@m{(261)—5—1)+(CD—1),8|an|+(2<D+5+1) D+1) B, |} <2(1-5). (2.1)

where @™ = [n (ﬂi -1, (1+(—1)“ ))+1—ﬂl} , >0, and 0< 6 <1, then f is sense preserving,

harmonic univalentin U and f €Q,, (m,4,4,,,6).
Proof: first, we prove that f is sense preserving and univalentin U .
Since N <@" {(20 -5 -1)+(®-1) B} /2(1-5) and n <@ {(20+5+1)+(P+1) B}/2(1-5),
()13 0la o
" {(20-5-1)+(@-1) B}
5 1-6
o {(2®+5+1)+(d>+1),8}

ZZ 1-8 |bn|

>1-

n

|

0

which shows f is sense preserving.
Next, If z, #,, then
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D" {(261)+5+1)+(d)+1)ﬂ}| |
1-5 "

1‘2 " {(2q>—51:1;+(cb—1)ﬁ} ol

which proves univalence.
Finally, we show that f €Q,, (m,ﬂl,ﬂz,ﬂ,é). By using the fact that Rew > ¢ if and only if, it suffices to
show that

(@-0)S,f (2)+(1+(e"+B))STit (2)-(e"+B)S L. (2)

_‘(1+5)s 1 ()= (14 (" + B))SIf (2)+(e"+ B)S LT (2 )\
Substituting the value of S}' . f (z) and S;'>f (z ) in (1,5) yields, by

(1-6-€=p)SD,f (2)+(1+(e"+B))S 12 (2)

—‘—(1+5+e“9 +B)S1.f (2 )+(1+(e“9 +ﬂ))sz‘2f (z )‘

(2.2)

=‘(2—5)z +i(1—§+®+®e“’+(D,B—e“’—,8)q)manz "

n=2

NgE

(1)

(6-1+D+ e’ +DB+e'"+ B)D"b, 2"

Il
N

n

M

61 - (P+de'+df-1-5-e" - B)d"a 2"

N

n=

+(-1)" i(®+(l)eig+CD,B+5+1+ei9+,B)CDman "

n=2

:‘_& —i(CDJFCDe”’ +®p-1-5-€'" - g)d"az"

n=2

+(-1)" i(qwd)em +®p+5+1+e'"+ )b, 2"

n=2
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o0

=0)[z|2,{(20-6)+(@-1) B} O" [a,[[z[

n=2

Ms

{(20+68)+(@+1) B} @ b, ||z|

Il
N

n

5z |—§;{(2®—5—2)+(®—1)ﬂ}cbm a1z

Ms

{(20+5+2)+(D+1) g}O" p, ||2|'

||
N

n
0

= -2 {(20-5-1)+(@-1) B} D" [a,||z|'

n=2

22{(2®+5+1 (@+1) 0" b, |||
|z|{1 NG
= -0 "
—H {(2®+§1+2 (d>+l),b’}|bn||z|nl}
2, " {(20-5-1)+(D-1) B}
>2(1—5)|z|{1—nz s a, |

_Z;‘ 1-5

>0, by (L.4).

O™ {(20+5+1)+(D+1) B} Ibnl}

The harmonic function

1-6 n 1-6 v 7"
R e (Ero o e ety e STl e e AR
where @™ :[n (/11—/12(1+(—1)n ))+1—/11T, A4 >0, 4>, meN, and i|xn|+i|yn|=l,

shows that the coefficient bound given by (2.1) is sharp.
The functions of the form (2.3) are in Q,, (M, 4, 4,, 8,5 because

i[q)m {(2®_5_1)+(®_1)’B}|an|+®m {(2®+5+1)+((D+1)ﬂ}|bn|]=1+Z|Xn|+g|yn|=2'

1-6 1-6

n=1

In the following theorem, it is shown that the condition (2.1) is also necessary for functions f  =h +§m :
where h and g, are of the form (1.8).

Theorem 2.2: Let f_ =h+g__ be given by (1.8). Then f _ €Q, (M, 4,4, B3,6) ifand only if

i}m (20— 5-1)+(0-1) fla, |+ (20+ 5+1)+ (d+1) Bb, [} < 2(1-5) (2.4)

where @" =[n(,11_22(1+(—1)" ))+1—21T, B=0, and 0<5 <1,

Proof: Since Q (m, A4, 4, 3,6)<=Q (M, 4,4, 5,5) we only need to prove "only if " part of Theorem
2.2. To this end, for functions f  of the form (1.8), we notice that the condition (1.7) is equivalent to
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S m+1.I: (Z )

Re{(1+(ei€ +ﬂ))%—(e”+ﬂ+5)}

Re{(“(ei“ﬂ))szzf (2)-(e"+p+5)8 ], (z)}
) s1,f(2)

1+ e"9+ﬁ a,|z"+(-1 2m Z(Dm”

z YR Eapxaln
(e‘9+ﬂ+§)[z —Z.:‘CD"1 la, 2" +(-2)™" iqf“ b,|z"
S
i { (1+e‘9+ﬂ)—(e‘9+ﬂ+5)}|an|z”

=Re n=2

Z "la,z" +(-2)" S o p,|z"
n=1

2

b |z
=Re

(-1)™" iq) {d)(l+ei9+ﬂ)+(ei9+ﬂ+§)}|bn|z_n
230" fa |27 +( Zmchwb "

1—5—iq>m {@-5+(0-1)e" +(D-1)B}[a,|z""

=Re —
1- ch a2 + Zmch b,|z""
i "+ 5+ CD+1)e'H+(CD+1 }|bn|z_n_l
_ n=2
1- ch a2 + Zmch b,|z""
>0.

The above condition must hold for all values of z, |z | =r <1, we must have

1-6- Zcpm{cp 5+(D-1)B}fa,|r"* - Z(Dm{<b+5+(<l)+1 B, |r"
1- ZCD la,|z" +Z<D b, |r"

o" (CD—1)|an|r”‘1+ZCDm (@+1)p,|r"

2 n=1

1-3 0" a 1" + Y 0" b, |r
n=2 n=1

Since Re(—e”’) > — ‘e”" =—1, the above inequality reduce to

=Re

o0

_eifn=
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1—5—icpm {(20-5-1)+(D-1)B}[a,[r"* anm {(20+5+1)+(®+1) B}fb,|r"*
n=2

1- Zd)m la,|z" +Zd)m b, [r"
In the condition (2.4) does not hold then the number in (2.5) is negative for r sufficiently close to 1. Thus there
existsa z,=r, in (0,1) for which the quotient in (2.5) is negative. This contradicts the condition for

fneQ, (m, 4,4, ,6) and hence the result.

3. Distortion bounds
In the following theorem we will give the distortion bound for functions in QH (m AL A, B 5) .

>0 (25)

Theorem 3.1: Let f . =h +g , be given by (1.8). Then for |z|=r <1 we have
1-6
(4 —42,+1)" {(24, -84, — 5 +1)+ (4 — 44, +1) B}

X(1_3+5+2/3|b1|jr2
1-6

|fm|£(1+|bl|)r+

1-6
(=44 +1)" {(24, -84, -5 +1)+(4 44, +1) B}

X[l_wwrz
1-5

If]> (1+|bl|)r -

Proof: we only prove the right hand inequality. The proof for the lift hand inequality is similar and will be
omitted. Let f, €Q,. (m, 4, 4,,,8). Taking the absolute value of f  we obtain

z — Zaz +( sz
<(1p)r+ 2 +o, )
n=2

fl=

1-5
A =42, +1)" {(24, -84, -5 +1)+ (4, — 44, +1) B}
L {(2@ 5— 1)+( 1)p }|an|+q) {(2(D+5+1)+((D+1)'B}|bn|}2

1-6

<(1+]o,|)r + . 1-0
(4 —42,+1)" {(24, -84, -5 +1)+(4, — 42, +1) B}

X(1_3+5+2ﬂ|b1|jr2

1-6

The functions
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f(z)=z+p,|z + L 1-o
U (4= 48, +1)" [{(24 -84, -5+ 1)+ (4 - 44, +1) B)
) 3+5+2p b @Z—z
{(24, -84, -5 +1)+(4 —44,+1) B}
1 1-6
=B e
) 3+5+28 b @
(24 -84, -5 +1)+(4 - 42, +1) |
for |b | < % shows that the bounds given in Theorem 3.1 are sharp.

The following covering result follows from the left hand inequality in Theorem 3.1
Corollary 3.2: Let f, =h+g begivenby (1.8). Then f | €Q,. (m, 4, 4,,3,5). Then

{ W< (=42, +1)" {(24, -84, — 5 +1)+(4 - 44, +1) B} - (1-5)
(4 —44,+1)" {(24,-82, -5 +1)+(4 — 44, +1) B}
(3404 p)~(A-42+1 {(20 8L -0 )4 (4-4h 1)) |}Cf v).
(/11_412““1)”1{(2/11—8/12—5+1)+(/11_4,12+1)13} 1 m

4. Extreme points
In the following Theorem we determine the extreme points of Q ; (M, 4, 4,, 3,6).

Theorem 4.1: Let f _ =h+g_ be given by (1.8). Then f _ €Q, (m, 4,4, 3,6), ifand only if

£ (2)=2 (X0 (2) 4,9, (2))

wy
where h,(z )=z,
h,(z)=z - 1-0 7" n=23
(2)=2 55 {(20-5-1)+(2-1) B} (n=23..)
m 1-6
On, =2 +(-1) " {(26D+5+1)+(CD+1)ﬁ}Z (n=1.2...)

0

D (X, +Y,)=1 X, =0Y, >0.

n=1

In particular, the extreme points of Q. (m, 4, 4,, 5,5) are{h,} and {gmn}

Proof: For functions f  of the form (4.1) we have

fm (Z):i(xnhn (Z)'i_Yngmn (Z ))

n=1
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2 2 1-5 .
B nzzi'(x 1 #Y0)2 Ho" {(2(1)—5—1)+(<D—1)ﬂ}x !

m < 1-6 =
(1) nZ:;‘CI)”1 (20 +65+1)+(0+1) B} i

Then
D" {(20+5+1)+(D+1) B}

N U
Z 1-6 |an|+z 1-6 |b”|

andso f  €Q, (m,4,4,0,5),
Conversely, suppose that f Q.. (m, 4, 4,,8,5), Setting

D" {(20-5-1)+(@-1) B}

n = a.n’ (n =2,3,...),
1-5

_o" {(2<D+5+1)+(CD+1),B}b (n-12..)

n 1_5 nY tl 1)

and X, =1-> "X +>Y, then f canbewrittenas

n=2 n=1
fo(2)=2- 22"+ (-1 Xy 2

o)X,
0" {(20-5-1)+(0-1) B
. (1-5)Y, -
() D" {(20+5+1)+(D+1) B} :

z +HZ.:;‘(hn(z)—z)Xn +g(gnm (z)—z)Yn
h,(2)X, +égnm (z)Y,+z (1—ixn +iYnj

n

>
n=2 n=2 n=1
:Z(hn (z)X,+9, (z )Yn).
n=1
As required.
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