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Abstract

We study and prove endpoint bounds for derivatives of fractional maximal functions with
either smooth convolution kernel or lacunary set of radii in dimensionsn =2+ 6,6 € N. We
also show that the spherical fractional maximal function maps L? into a first order Sobolev
space in dimensionsn =546 ,8 € N.
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1. Introduction

Define the fractional maximal function as

td

For a € [0,n). The study of its regularity properties was initiated in [22] by Kin-nunen and
Saksman. They proved the pointwise inequality

VM| fI(0)] < CMyq|f1(x), a=1 (1.1)

with a constant C only depending on the dimension n and o. This inequality has two interesting
consequences. First, M, maps LP(R™) into a frst order Sobolev space. Second, as noted by Carneiro
and Madrid [8], the pointwise bound together with the Gagliardo - Nirenberg - Sobolev inequality
implies

IVMoflle < CliMg-1fllr < Cllfll om0 < CIIVF Il (1,2)

fora>1and P =n/(n—a) When a € (0,1), inequality (3.1) no longer helps, and the conclusion
of (1.2) is an open problem. When M, is replaced by its non-centred variant, the analogous result is
due to Carneiro and Madrid [8] for n = 1and Luiro and Madrid [28] for f radial and. For n =
2 . other aspects of the regularity of fractional maximal functions, see e.g. [17, 18] and the references
therein. The first result of David Beltran and Olli Saari is a smooth variant of the inequality
(1.2) for € (0,1) and n > 2,[40]. Define the lacunary fractional maximal function as

ak
MECf (x) = supyez mfg(x'zk)f dy|.

For integrable ¢ and t > 0, let ¢.(x) =t "@(x/t). Assume, for simplicity, that ¢ is a positive
Schwartz function and define the smooth fractional maximal function as

Mg f(x) = supesot®lo, * f(2)].
The smoothness requirement can be substantially relaxed, see88 3.3.

Corollary(1.1)[40]: Let f € BV(R™) and suppose that @ € (0,1)andn=2+6,8 € N. Then M, €
{M};‘C, M(‘f} ,there exists a constant C only depending on dimension n, a« and ¢ such that

”VMaf”LP(RZﬂS) < CIfIBV(]RZ'HS)

forp=2+6/2+6 —)

The proof of this corollary uses the g-function technique familiar from Stein's spherical maximal
function theorem. The idea is to follow the scheme behind the short estimation (1.2). The Fourier
transform is used to find a substitute for (1.1) at the level of Besov spaces, from which the conclusion
then follows by a refined Gagliardo-Nirenberg-Sobolev type embedding theorem [10]. The last step
requires n > 1 whereas the smoothness condition on the maximal operator is imposed by Fourier
analysis. We stress that the right hand side of the conclusion is BV norm instead of the considerably
larger homogeneous Hardy-Sobolev norm one might first expect. The detailed proof is given in 83,
and all necessary definitions can be found in 82. To the best of our knowledge, Fourier transform
techniques have not been exploited effectively in the study of endpoint regularity of maximal
functions prior to this work.

The background of the question (1.2) goes back to Kinnunen's theorem [20, 21] asserting that the
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Hardy-Littlewood maximal function is bounded in W1;p with P > 1. His result was later extended
to W1 in the form

||VMf||L1(]R2+6) < C”Vf”LI(Rn+5) (1.3)

by Tanaka [38] when n = 1 and Luiro [27] when n =2 + §,6 € N[40] and f is radial. Here M is
the noncentred Hardy {Littlewood maximal function. The same inequality for M, (centred maximal
function) was established by Kurka [23] when n = 1, and the question is open in dimensions n =
2+ 6,6 € N[40]. Kurka's theorem can be seen as the limiting case « = 0 of (1.2).

In connection to (1.3), maximal functions with smooth convolution kernels are better understood
than the Hardy-Littlewood maximal function. Inequality (1.3) can be proved with sharp constant for
many smooth kernels [7, 9] whereas the best constant for centred Hardy-Littlewood maximal function
is not known (for the noncentred maximal function [2] as well as for certain non-tangential maximal
functions [31] the constant is one). Similarly, a Hardy-Sobolev bound corresponding to (1.3) is
known for smooth maximal functions in all dimensions [30] whereas the progress for the standard
maximal function is limited to the case of radial functions [27]. Finally, there are metric measure
spaces where Kinnunen's theorem does not hold but suitable smoother maximal functions satisfy a
Sobolev bound [1]. Theorem 3.1 can be seen as a part of this line of research attempting to understand
(1.2) and (1.3) first in the case of smooth maximal functions.

David Beltran and Olli Saari studies the regularity of the spherical fractional maximal function

Saf (x) = supesoltop * f ()], (1.4)
where o, is the normalized surface measure of the sphere dB(0,t). For a = 0, one recovers the
spherical maximal function of Stein [36] (n = 3)and Bourgain [5] n=2. For a>0,L? -
L% bounds for this operator follow from the work of Schlag [33] (n = 2) and Schlag and Sogge [34]
(n = 3). It is natural to ask if the fractional spherical maximal function has regularizing properties
similar to (1.1) , [40]. The result of David Beltran and Olli Saari and our corollary in this direction is
the following.

Corollary(1.2)[40]:Let n=5+6§,0 €
N,5+8/(3+6)<62+46+5<262+76+5<oand
6% +46 +5)
¢ 5+3 '
8% +126%+51624+966+70 _ 5+68 6%2+45+5 6%2+105+26

< <
53 + 862 + 216 + 20 i o37% 5+3 ~ 62+85+ 34
524785 +12 624106 +26 6%2+45+5

5214515 V5185734~ 6+3

Assume that

<4 +4.

5+3 5+3 a-1 26247645
= -, 1 <a<a(——
262478+5  524+46+5 5468’ - ( 5+3 )

26%2+476+5

Then, forany f € L( 5+3 ),Saf is weakly differentiable and

VS Al < lIFI
a L(282+78+5) L<62+45+5)

5+3 5+3

The proof of this corollary is also based on the use of the Fourier transform. When q > 2, we
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(52+46+5) (262+76+5)
study L\ 6+ / — L\ &+3 [40] estimates for a maximal multiplier operator in analogy with the

estimates in [33, 34, 25] for the spherical maximal function. Since Corollary(1.2) is a statement at the

derivative level, the corresponding multiplier enjoys worse Fourier decay than & . This forces us to
852+48+5

study the behavior in L( 5+3 >'With large p more carefully than what is needed to understand
82+48+5
L< 8+3 >'mapping properties of the spherical maximal function. We take advantage of the sharp local

smoothing estimate for the wave equation in Lo**(R®*5) which is available whenever n = § +
5,6 € N thanks to recent advances in decoupling theory (see [6, 14, 15, 24, 39] and [3, 19, 26, 29,
35] for more on decoupling and local smoothing estimates). We remark that results in n = 4 could be
obtained upon further progress on local smoothing estimates.

2. Notation and Preliminaries

2.1. Notation. All function spaces are defined over, R™ and it is written, for instance L? for L2(R).
The letter C denotes a generic constant whose value may vary from line to line. Its dependency on
other parameters will be clear from the context. The notation A < Bis used if A < CB for such a
constant C , and similarly A = B and A ~ B . The Fourier transform of a tempered distribution f €

Sis denoted by for F(f)and its inverse Fourier transform by f=(f) or fV; in particular for a
Schwartz functionf € S,

f& =Ff() = [rne ™ f(x).dx.
Given any multi-index r € N™, 0" denotes
O"f = 0" .. a;; :

For any a € R, the notation (—V)%2is taken to denote the operator associated to the Fourier
multiplier |&]%.

2.2. Besov spaces and Littlewood-Paley pieces. Given a smooth functiony € C° supported
in{€ € R™: 271 < |&]} < 2 and such that

Yiez W (27§) =1

for & = 0, let f; denote the Littlewood-Paley piece of f at frequency 2/ , given by f, = f ¥(277¢)
The Besov semi norm for Bgquor s €R and p,q € [1,0] is defined as

1
. /
Iflsg, = (Siez 2 I5511%,)

the seminorms defined through different Littlewood-Paley functions iy are comparable (see [4,
Chapter 6] for further details).

2.3. BV space. A function f is said to have bounded variation, and denoted by f € BV, if its
variation, defined by

|f|BV = {f]Rnf le()’); y € C(,:'l (Rn’ ]:Rn)l “}’”oo < 1};
is finite, where g = (g4, ..., g») and the L norm is defined by
gl || (Z2a 92 72|
L
Note that if f belongs to space W1, integration by parts allows one to identify
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|f|BV = fRnlvfl
See [13, Chapter 5] for more.
2.4. Finite differences. Denote

DIf(x) = FE L)

Recall (see e.g [12, Chapter 5, 85.8, Theorem 3.3.1]) that if there is a finite constant A such that
ID"fllr < A

for all h € R™, then the weak derivatives of f exist and
IVIl,r < CA

for a constant C only depending on the dimension n. If S is a sublinear operator that commutes with
translations, then

|IDRSF| < |SDMf].

In particular, if S is a maximal function and f is a positive function, this allows us to reduce the
question about differentiability to bounded ness of a maximal multiplier for all Schwartz functions f.

3. Endpoint results

3.1. A model result. It is instructive to start first with a model case for corollary(1.1). This consists in
the study of the single scale version of the (rough) fractional maximal function M, defined as

. 1
My f = supi<i<» me(x_t)f(}’)dY|-

Corollary(3. 1): Let a=1-6,p=2+6/26§+1)andn=2+85,5§ € N. Then there is a
constant C only depending on dimensionn =1+ 6,6 € Nand a such that for any f € B§+5/(25+1)’1

IM;_sD"fll 248/c5+1) < ClIf |l g5

2+6/(26+1),1

uniformly on h € R?*9.

By the discussion in §§2.4, Corollary(3. 1) implies an L2+8/(26+1 pound for the gradient of M;_ .
It will be shown in 883.2 how the proof of the above estimate gives , Corollary(1. 1) for sightly
smoother versions of the fractional maximal function, such as its lacunary version or maximal
functions of convolution type with smooth kernels.

Proof. Write, for f € S,

F ((IED* Ty COF (Tu(-1)) ' f)]

M;—(S (th)(x) = SUPi<t<2

where Ty is the operator defined by

piéh

a9 © =1 (©§©). 3.1)

Trg(§) =

Observe that Tj,is a bounded operator on L2+8/@8+Dyniformly in h € R%*2for all 1<
2+6/(26 + 1) < o by the Mikhlin-Hérmander multiplier theorem (see, for instance [11, Theorem
8.10]); it is clear that |87a,(&)| < |€]~I"! for all multi-indexes r € N3*2with implicit constant
independent of h € R®*2 . Thus, the operator T, plays no role in determining the range of
boundedness for M;_sD".
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Let m(&) = [€]*1p¢0,1)(§) and m (&) = m(t) For all t > 0.For each j € Z, let f; =1; *

f denote the Littlewood-Paley piece of f around the frequency 2/ as in §§2.2. Assume momentarily
that the following holds.

Corollary(3.2)[40]: Let g € S. Thenfor p =2n/(n+28)anda =n/2—-§ ,6 €N

”SUP1<t<2|T_1(mtgj|”LG/(n+za) S (02781 g + 1{j>o})”gj”LG/(n+zs).

Then the proof may be concluded as follows. Decomposing the function f into frequency localised
pieces f;and applying Corollary( 3.2 )to the function g = Th(—A)1/4(2‘”+2‘”f one has

||Sup1<t<2|j:_1(mtgj|||L2n/(n+26) = Zjelesup1<t<2|T_1(mtgj|||LG/(n+26)
S ZIEZ(Zj(n/2_6 )1{1'50} + 1{j>0})”gj”LG/(n+25).

il —
= ZjEZ 2J /2(2-m+26) ”fj||L2n/(n+25)~||f”31/2(2—n+26) (3.2)

2n/(n+26),1"’
where the last step follows from the L2/ (+28) poundedness of T,and Young's convolution
inequality.
Remark (3.3): By Bernstein's inequality, 2/'/22-1+28)| fill 2nsinszsy S 27|l 1, S0 one may further
bound [If 1l s/,ensze S If 151, 0 (3:2)

2n/(n+268),1"°’

It remains to prove Corollary(3.2). This is done by interpolating an L? bound with an L! —
LY* bound as in the proof of the spherical maximal function theorem that can be found in the
textbooks, see [37, Chapter X1, 83.3] or [16, Chapter 5.5]. Writing

Fi(med; = V270 F (Lo ()12 ).
it is clear that
Supr<r<a|F 1 (Mgl < Suplstszlt_nlB(O,t) x ((—4)1/2m/2=5 )g)l < M((—0)/2m/2=8)g

where M is the Hardy-Littlewood maximal function. Bounds on M and Young's convolution
inequality then imply

Proposition( 3.4): Letg € S. Then
Isups<ea|F 71 (med )] 10 = 2719

The L? estimate follows by estimating the Fourier decay of m after an applicationof a Sobolev
embedding. This is the part of the proof that allows to take advantageof better symbols m later in
§83.3 so we write the proof in detail.

Proposition (3.5): Let g € S . Then

lsupsceca P (meg )l S (21500 + 205 1050)) g

Proof. Let m(&) = &.Vm(&) and denote by T,,and Tsthe operators associatedto the multipliersm
and . By the fundamental theorem of calculus,

)2

Sup1st52|mmt9j| < |mmt9j| + 2 (fllemtgjl |Tn~1tgj| "
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1 1
< [mmgj| +2 (fllemt9j| 2%) * (fllemtgj|2%) ' (3,3)

Taking L2-norm in the above expression, an application of the Cauchy-Schwarz inequality and
Fubini's theorem reduces the problem to compute the L*norm of my; and #iy;.

Recall that 15(1)($) = |2nE|‘”/2]n/2(2n|$|, where ], ,denotes the Bessel function of order
n/2, and

Jnp2(r) S 20600y + 17 2 0 gy;
see, for instance, [16, Appendix B] for further details. This immediately yields
j (- +a)
||m1/Jj||L°° S 2% ey + 2772 TP (3.4)

Concerning m, the relation

d _ —

;[r n/zfn/z(r)] =-r n/2]n/2+1
and a similar analysis to the one carried above leads to

- (-2 1+a)
[7)]] 0 S 271y + 2772 "V 1jsy.

Putting both estimates together in (3.3) concludes the proof corollary(3.2) now follows by
interpolation, and the proof of the model case is complete.

3.2. Extension to the full supremum. From now on, we redefine m to be Fourier transform of an
integrable function smoother than 1z, ;). Momentarily assume m satisfies

Isupr<eca|meg DVl S (27%1c0y + 27 150) |95l (3,5)

which we next show to be enough to conclude a bound as in corollary(1.1). The proof of (3.5) is
postponed to §83.3.

Inequality (3.5) rescales as
[supy-rcrcrrrr|Megjai) V|l S (27 Lgyc0y + 277150 |9 (3.6)

In order to use this bound, break the full supremum over all possible scales and use the embedding
P c o,

. ) i/
suPeco|(Med)V| = suprer SUPp-keragir|(Med)Y| < (Ser SUPy-rcpag-icen | med)V )"

Taking LPnorm and using (3.10), we see

) . 1/p
Isupesol med)V||l,» = Zjea(27%1g<0) + 2771 j50) (Zkezngj + k”fp)
Using the geometric decay to sum in j € Z and recalling
lgseell p = =D 2 fe]l , = 2000 D|f]l

we obtain

1/p
(ZkeZ”gj + k”fp) s ||f||355a

We then claim

Page | 256 Humanitarian and Natural Sciences Journal Abdulrahman et al. December 2020 www.hniournal.net



Spherical and Endpoint Bounds for Derivatives of Fractional Maximal Functions Through Fourier Multipliers
HNSJ Volume 1. Issue 6

||f||3;‘;,“ S |flsy (3.7)
forn > 1and 0 < a < n/2. This will follow from a Gagliardo-Nirenberg-Sobolev type inequality.

Corollary(3.6)[40]: ([10]). Assume y =1+ 68,0ry =1—6;, — 1/n ,0; > 0 and let(s; q) satisfy

(s—1Dq'/n=y—1forsomeq=1+6,,5, >0 whereq' =1+8,/6,.Then, forany 8 =1 —
&y,

1-6 146 268 1+6
”f” " < ”f”( 3)/( + 3)|f|( 3)/(1+63)

(1+52)/(1+5z 82%).,(1482)/(1462-627) - Blis, 1+

Indeed, takingy = 0,s =1/2(1 + §5) and 6 = 285/1 + 65, which are admissible forn =1 +
dzanda =1/2(1—-6;) , 83 > 0onehas

1-6 1+6 263/1+6
< ”f”( 3)/(1+ 3)|f| 3/1+383

||f|| p1/2(1+83) 1/2(1+53)

(1+62)/(1+82 &2 )(1+82)/(1+82—82 )

Applying Bernstein's and Minkowski's inequalities as well as Littlewood-Paley the or y, we see

) 1/2 1/2
1 Wy zcav000 ~ (Zjez 22/(1/20+89) | ff”zz) < (Z e 22(1/201489))92j1/2(85=1) || 1| (1+53)/83)

Larsarss £ 1l ca+650/85-

2 1/2 o\1/2
= (ZJEZ||fj||L(1+83)/63) S ”(Zjezlfjl )
Inequality (3.7) then follows from the Gagliardo-Nirenberg-Sobolev inequality [13, Theorem 5.6.1.
(1)], and we conclude

— A~ 1-63)/(1+683) (263)/(1+63)
Isuprsesa|F (DI sr5,0/(r180-0,7) S W Irsmson > 1™ % S I Loy

Thus it suffices to verify (3.5). This is done separately in the cases when m comes from a smooth
kernel and when the maximal function is lacunary.

3.3. Smooth kernel. Define the smooth fractional maximal function as follows. Let € > 0. Let ¢
be a positive function with radial L'majorant such that (&) S ¢ |&]™/?~ € whenever |¢| > 1 and.
For instance, any positive Schwartz function or even

p(x) = (1 - [x?s
with e > 0 will do (see Appendix B.5 in [16]). The subscript denotes the positive part as f, =
f-1{r>0;- Now we want to analyse M? as defined in the introduction. A repetition of the proof of
Proposition (3.5) gives the L? bound
Isupr<esa| P2 E1ED* DD 2 = (152 2® + 15502279 |lg)l .

The € -decay gain in the above estimate continues to hold on L™ (=9 so the extra decay assumption
(3.5) is satisfied for smooth convolution kernels. By 883.2, Theorem (1.1) holds in this case.

3.4. Lacunary set of radii. Similarly, there is a gain in the L? estimate when we study the lacunary
fractional maximal function. Now m(§) = [£|%1p(0 1)(§) and

p\1/D
CaMf () = supieez |2597 [} o FOIAY| < (Seer |25 [ 0 FONAY])
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so that it suffices to use a bound for a single dilate (3.4) and replace the Proposition (3.5) by

. (-nt
1771 0mg)ll 2 S @10+ 2 CF 150

which has an extra 1/2-decay compared to Proposition(3.5). After interpolation, this leads to an € -

decay gain in the L™/ ™~®estimate so that (3.5) (without supremum)and Theorem(1.1) for lacunary
set of radii follow.

4. Proof of Corollary(1.2)

Recall the definition (1.4). By the characterization through finite differences described in 82, the
sublinearity of S,_sand by density, it suffces to prove

||51—6th||L(252+76+s)/(6+3) S ||f||L(52+46+5)/(5+3)
for all Schwartz functions £ uniformly inh € R+,
Observe that by means of Fourier transform,
S1-6D"(x) = supeso|F 7 (t179)1€16 () F(Trf) (X)), (4.1)

where T}, is the Fourier multiplier operator (3.1). As described in §§3.1, T},is bounded on L'*+9 for all
p=1+6,8>0 uniformlyin h € R(*> by the Mikhlin-Hormander multiplier theorem, so it plays
no role in determining the boundedness range for S;_sD"f (x); for this reason, T}, f is identified with
f in the rest of this section.

4.1. The case g =2+ 6,6 =0 It is enough to consider the single scale version of the maximal
function in (4.1): suppose we can prove

”SuP1st>2|T_1(t1_6)|f|5(t§)fj)|”Lz+5 S 20511 <) + 27772 1{j>o}||fj”L(52+46+5)/(6+3)
(4.2)

For s;,s, > 0. Then rescaling gives
”SuPZ"‘stsz"‘“|T_1(t1_6)|5|6(t5)fj+k)|”L2+6 S 299 ey + 277 1{j>0}”fj+k”L(52+45+5)/(6+3)
under the relation é = 1p — O‘T—l and arguing as in §83.2

2+8 )1/21‘6

||supt>0|T‘1(t1‘5|§|&(tf)f)| ||L2+6 s ZjEZ(ZjSll{jSO} + 2_jszl{j>0}) (Zk&”fﬁk”lp s ”f“L(52+45+5)/(5+3).

where the last inequality follows from Minkowski's inequality (g = p); controlling 12*%norm by 2

norm, and applying Littlewood-Paley theory to see the inner sum as 1(6?+48+5)/(6+3)norm of f. The
sum in j converges as s;; s, > 0. Hence it suffces to prove (4.2).

For low frequencies j < 0, we can use domination by the Hardy-Littlewood maximal function,
Young's convolution inequality and Bernstein's inequality to see

”Suplstsz|T—1(t1—6|€:|6|(t€)f})”L2+6 < ”M(— A)l/zf} I [2+6 < 2J(2-6) I f) I L(62+46+5)/(5+3)”
Hence it suffices to prove (4.2) for j > 0.
4.2. A local smoothing estimate.

The Fourier transform of the spherical measure is
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5+3 )
& (&) = 2ml¢] 2 Jaws(2mlE]) = Xy az(§)e £2miK]
2
Where the symbols a, are in the class s~(¢+4/2, that is

07 a.®)] s @+1eD — Iyl
For all multi indices y € N§*5(c.f.[37,chapter VIII) . hence
FHEUNS = Lt [yous €7D a, (66 f(S),
s0 that the connection to half-wave propagator e®*V=2f(x) := Jpors €' £ BIFEO s evident .we

will quote the following result:

Corollary(4.1)[40]: (Consequence of [6]).Forn =24+§,56 € N,s € R,

1/p
(62436+6)/(1+68)
rsssf1e sy | S Il essroyans e
S=5(52 435+6)/(1+6) 0 3

N

eit\/If”

L

holds for 6 = (1— 6% — 362 —55)/(82+36+6), § €N, and S(sz,s546)/000) = (1+8) (5 —

(62+35+6)
(1+6)

_ (6%+36+6)
)whenever P="re)

This can be found as Corollary(1.3) (i) in [14] knowing that the conjectured value of p, in Table 1
of that paper has later been verified by [6].

Proposition (4.2): Let g be a Schwartz functionand j > 0. Forany e > 0
Isups<esz|oe * gjlll e S 277V gj] s

Proof. For j > 0 and a smooth bump x around [1, 2], we have

||Sup1sts2|0t * gj”an—1 S ” 1+ _atz)rx_ Ot * gj

Ln—1(R™+1)
< 2/C+sp-o- 74| P —

where we used Sobolev embedding with » > 1/(n — 1), Corollary(4.1) with p = n — 1 as well as
Young's convolution inequality. Simplifying the exponent in accordance with Corollary(4.1), we
obtain the claim.

4.3. LP — L9 estimates. To finish the proof of (4.2), we prove LP — L9 estimates following the
interpolation scheme of Lee [25] enhanced with the sharp local smoothing estimate. Denote

F(6¢DIE17©) @]

Wheref] = fl/Jj still stands for Fourier localization at the level of a Littlewood-Paley piece of
frequency 27 .

Si f(x) := supici<z

Proposition (4.3): Let P be the open convex polygon with vertices

Az(n—Z_E) ’ B=<n2—2n—1’2(n—1)>

n n nZ+1 n?+1
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C—( 1 1 ) D_(n—z n—2>
“\n—-1'n-1/) "’ “\'n " n

1577 1l,0 = 27 llAll

forsomee > Oandall j > 0 provided that (1/p, 1/q) € P.

Then

Proof. Since supp 6.1;(t&) c {|§ - 2f|}, we can assume that b f is supported in anannulus around
|€] = 27. We use the following bounds:

Sj*f
IS
S f

n?—4n-3
||5j*f||L% s Z‘JW”fj”Lz_

s 220l

| S 221l

< 2%||fj| juey foralld > 0 (4.3)

|LTl—1

" n4;
ijle S22 ”f/”LZ

To verify (4.3), use Proposition(4.2) as well as Young's convolution inequality to obtain
157 £l es S 272N Y2 f]| s 5 2055,

The other inequalities follow similarly, that is, by borrowing the corresponding bounds for the
spherical maximal function (inequalities (1.7) - (1.10) in [25]), and applying Young's convolution
inequality. Interpolating the bounds above, we obtain the claimed proposition

For each p > 1, we want to find the values of asuch that (1/p; 1/q) € P when
(e —1)/n= 1/p — 1/q and g > 2. When g > 2 isassumed, this happens when

< n>+1 <n2—2n—1 2n
n—2 " P=nz_on_1" ¢ n—1 p(n—1)
or
n®+1 e | n—1
nz—-2n-—1 p=n—25L a p

This concludes the proof for the case g > 2. Notice that the restriction g > 2 is not dictated by
validity of LP — L9 estimates but it was required in order to upgrade the single scale bounds to
bounds for the full maximal operator in §84.1.

4.4. The case g < 2. Next we remove the assumptionq > 2. Let

T*f(x) = supeso |F~ ((t1ED*B () ().
The operator S, in (4.1) can be written
Sq= T 1g—1Tnf
where I,_;f = |&|*"%f is the Riesz potential of order @ — 1 and T, are as in (3.1). As discussed in

883.1, T;, are bounded in L? for all p > 1. Also, by the Hardy-Littlewood-Sobolev inequality I, — 1
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is bounded LP — L9 ; for p,q obeyingo‘T_1 =
T™.

% % . Therefore, it is enough to analyse the operator

Let m(&€) = [€]|*6(&) and take a Littlewood-Paley function 1 (as in 82). We define m; =

Yjso¥jm and my = Y ;<o;m Take T;" to be as T* but m replaced by m; . Then
T f <T; +T/f.
We first bound T; . A straightforward computation shows that m0 is bounded and for any multi-
index B e N* with |B]| = k, k <n + 1
|08 mo(8)| = 1€1%7*
so that
1L+ 1. D™ F = (mg) Il < 1
(because @ > 1). Consequently
Tof < Mf

and boundedness in any LP with p > 1 follows from that of the Hardy-Littlewood maximal function.
To bound Ty , we use a part of Theorem B from [32]:

Theorem (4.4): (Rubio de Francia [32]). Let m be a function in CS*1(R™) for some integer s >
n/2 such that [D*m(&)| < |€|7¢ forall |a| < s + 1. Suppose also that a > % : Then the maximal
multiplier operator T*f := supyso|F ~*(m(¢")f| is bounded in L", for

2n
2n+2n-1

Since ¥, ;<o ¥jm is smooth and satis [D*m($)| < [£]7%, forall [a] <s+1

<r<s?

witha = "T_l — a , we can apply the theorem to conclude the proof whenever

2n
2n—-2-2«a

1
<qg<?2, a>5

which is equivalent to p >-—and a < nT_z However, given p >~ the condition « >-"is
automatically satisfied whenever ¢ < 2. Hence a < a(p) is an active constraint only when g > 2.
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