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Abstract  

This study compares some of the previously described methods, which combine the 

empirical mode decomposition (EMD) and penalized quantile regression. These methods 

are EMD-RQR, EMD-LQR, and EMD-EnetQR. These methods provide more accurate 

estimations to tackle multicollinearity, heavy-tailed distributions, heterogeneity, and 

selecting the most significant variables. Simulation studies and real example were applied. 

The results showed that the EMD-LQR method outperformed other methods by effectively 

identifying the decomposition components, with high prediction accuracy, followed by the 

EMD-EnetQR method. The findings suggest that integrating EMD with these regression 

techniques enhances model robustness and predictive performance. Moreover, the EMD-

LQR and EMD-EnetQR effectively identify significant decomposition components with the 

most significant impact on the response variable, enhancing the analysis of relationships 

between EMD decomposition components and the response variable. While the EMD-RQR 

method selected all decomposition components in the final model. 
 

Key Words: Empirical mode decomposition; quantile regression; tuning parameters; 

penalized regression; heterogeneity. 
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ب المعتمدة على تحليل الأنماط التجريبية 
َ
عاق

ُ
 دراسة مقارنة لثلاث طرائق للانحدار الكمي الم

(EMD)   ة اختيار النموذج
ّ
 لتحسين دق

 

 المستخلص  

بين تجمع  التي  سابقًا  الموصوفة  الطرائق  بعض  الدراسة  هذه  التجريبية   تُقارن  الأنماط   Empirical Mode)تحليل 
Decomposition – EMD)   المُعاقَبو الكمي  الطرائق .الانحدار  هذه   EMD-LQRو EMD-RQR وتشمل 

الثقيلة،  EMD-EnetQRو الذيول  ذات  والتوزيعات  الخطي،  التعدد  مشكلات  لمواجهة  دقّة  أكثر  تقديرات  توفر  حيث   ،
وعدم التجانس، إضافة إلى اختيار المتغيرات الأكثر أهمية. وقد تم تطبيق دراسات محاكاة ومثال تطبيقي حقيقي. وأظهرت  

طريقة أن  مع   EMD-LQR  النتائج  التفكيك،  مكوّنات  تحديد  على  الفعّالة  قدرتها  حيث  من  الطرائق  بقية  على  تفوقت 
مع تقنيات الانحدار هذه   EMD وتشير النتائج إلى أن دمج  .EMD-EnetQR تحقيق دقّة عالية في التنبؤ، تلتها طريقة

طريقتا تُظهر  كما  التنبؤي.  وأداءه  النموذج  متانة  تحديد     EMD-EnetQRو EMD-LQR  يعزّز  على  فعّالة  قدرة 
 مكوّنات التفكيك ذات الأثر الأكثر دلالة على متغير الاستجابة، مما يسهم في تحسين تحليل العلاقات بين مكوّنات تفكيك

EMD   ومتغير الاستجابة. في حين قامت طريقة EMD-RQR    باختيار جميع مكوّنات التفكيك في النموذج النهائي. 
 

 .تحليل الأنماط التجريبية؛ الانحدار الكمي؛ معاملات الضبط؛ الانحدار المُعاقبَ؛ عدم التجانس:  الكلمات المفتاحية
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1. Introduction 

In both natural and artificial systems, time series processes are often used to represent 

variables of interest; these are often non-stationary and non-linear (Masselot et al., 2018). 

Analysing such data requires addressing the important issue of decomposing these non-

stationary and non-linear time series. Despite a lack of analytical methods (Huang, 2005), 

techniques like the Fourier transform (Titchmarsh, 1948), the Wigner distribution (Classen & 

Mecklenbrauker, 1980), and wavelet analysis (Chan, 1995) have been applied to time series. 

The empirical mode decomposition (EMD), introduced by (Huang et al., 1998), offers an 

intuitive and adaptive method for decomposing nonlinear and nonstationary time series data. 

As the initial step in the Hilbert-Huang transform (HHT), EMD contrasts with traditional 

methods like wavelet decomposition and Fourier decomposition by imposing no prior 

assumptions on the data, allowing for data-driven decomposition into distinct oscillatory 

components. Although empirically derived and lacking a formal mathematical basis, EMD 

effectively separates a data series into components associated with specific oscillation 

frequencies. 

Mean regression analysis (most commonly ordinary least squares regression, OLS) is one of 

the most widely used statistical methods. Despite its desirable properties like linearity and 

unbiasedness, its reliance on the mean of the response variable makes it vulnerable to heavy-

tailed error distributions and outliers. Quantile regression, introduced by (Koenker & Bassett, 

1978), has emerged as a robust alternative, gaining popularity for its ability to model the 

relationship between response and predictor variables at any quantile of the conditional 

distribution. Unlike mean regression, quantile regression makes no distributional assumptions 

about the error term, provides a comprehensive view of the relationship across the entire 

conditional distribution (Koenker & Bassett, 1978), and is robust to outliers and 

heteroscedasticity. These advantages have led to its widespread adoption in practical 

applications. By quantifying the entire conditional distribution, quantile regression offers an 

overall assessment of predictor effects at various response quantiles (Koenker, 2005). 

However, multicollinearity, arising from dependence among predictor variables, remains a 

significant challenge in regression analysis, leading to inflated sample variance and inaccurate 

signals in regression coefficients, thereby affecting both inference and estimation (Ali et al., 

2019). 

Variable selection is crucial for identifying key predictors from a large set, leading to simpler 

models with improved prediction accuracy. Regularized regression techniques, which 

simultaneously select variables and estimate coefficients by penalizing the objective function, 

are essential for this purpose (Khan et al., 2019). These techniques include ridge regression 

(Hoerl & Kennard, 1970), LASSO (Tibshirani, 1996), and elastic net (Zou & Hastie, 2005), 

which combines ridge and LASSO penalties. 

Moreover, penalized methods have found success in quantile regression. For instance, (Xu et 

al., 2017) and (Li & Zhu, 2008) employed L1 penalized quantile regression using the LASSO 

penalty, while (Burgette et al., 2011) used LASSO and elastic net penalties to identify key 

predictors. (Zaikarina et al., 2016) and (Sadig & Bager, 2018) applied LASSO and ridge 

penalties to address multicollinearity, with (Zaikarina et al., 2016) using modified percentile 

cross-validation. (Yan & Song, 2019) explored penalized quantile regression with elastic net 

and adaptive elastic net penalties. Under a Bayesian framework, (Alhamzawi et al., 2012) and 

(Alshaybawee et al., 2017) proposed Bayesian estimation approaches using adaptive LASSO 

quantile regression. Furthermore, empirical mode decomposition (EMD) has been integrated 

into quantile regression, as demonstrated by (Jaber et al., 2014) combining EMD with local 

polynomial quantile regression, (Zhang et al., 2020) employed EMD to reduce noise in wind 
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speed series for probability density forecasting using QR and KDE. (Ambark & Tahir Ismail, 

2024) studied penalized quantile regression based on EMD to address the problem of 

multicollinearity and perform variable selection and accurate prediction. (Ambark et al., 

2023) presented elastic net penalized quantile regression based on the EMD for selecting 

decomposed components that exhibit the most potent effects on the response variable, and 

multicollinearity between the decomposition components was dealt with. 

This paper is devoted to the comparison of three methods, which are EMD-LQR, EMD-RQR, 

and EMD-EnetQR in the literature. This comparison aims to identify the best methods, which 

are dealing with the heterogeneity, and to improve the accuracy of model selection by 

selecting the predictors that have the most effect on the response variable. 

The rest of this paper is organized as follows. In Section 2, we give a description of the EMD 

method, quantile regression, and penalized quantile regression. Section 3 simulation studies 

are carried out to compare the performance of the three methods. Section 4 shows the real 

examples. Section 6 presents some conclusions and gives some discussion. 

2. Methodology 

In this section, we briefly describe the applied methods. Firstly, the EMD technique which 

deals with non-stationary and non-linear datasets by the sifting process. Secondly, quantile 

regression which deals with heterogeneity problems. Finally, penalized quantile regression 

which including Ridge, Lasso, and Elastic Net regression for variable selection. 

2.1. Empirical Mode Decomposition (EMD) 

Empirical mode decomposition (EMD), developed by (Huang et al., 1998), for decomposes 

nonlinear and non-stationary time series datasets into intrinsic mode functions (IMFs) and a 

residual through a sifting process. This unsupervised data-driven decomposition requires no 

prior information. Each IMF must satisfy two conditions: 

 (1) The number of local extrema and zero-crossings must be equal or differ by one. 

 (2) The mean of the envelopes defined by local maxima and minima must be zero at any 

given time point. The EMD process can be expressed as follows: 

𝑥(𝑡) = ∑ 𝐶𝑘(𝑡) + 𝑟(𝑡)

𝐾

𝑘=1

                                                                 (1) 

The original signal is decomposed into intrinsic mode functions (IMFs) denoted by 𝐶𝑘(𝑡), and 

a residue 𝑟(𝑡). This decomposition is achieved through the Empirical Mode Decomposition 

(EMD) algorithm, which employs an iterative sifting process to separate the IMFs and 

residual. Notably, IMFs possess physical definitions for instantaneous frequency and 

amplitude, providing a physically meaningful time-frequency-energy representation of the 

time series. The sifting process procedure includes the following steps: 

1) Using the original signal 𝑥(𝑡) for the sifting process on the assumption that the value of 

the two repetition indicators is (𝑞 = 1, 𝑘 = 1). 

2)  Identify all local extrema, including minima and maxima. 

3) Construct envelopes: Connect all the minima and maxima with a cubic spline line to 

generate the lower and upper envelopes. 

4) Compute the local mean of the upper and lower envelope by using Equation 6. 

𝑚𝑞(𝑡) =
𝑈𝑞(𝑡) + 𝐿𝑞(𝑡)

2
                                                                                 (2) 
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5) Subtract the mean envelope m(t) from the original signal X(t) to obtain the first 

component IMF 

ℎ𝑞(𝑡) = 𝑥(𝑡) − 𝑚𝑞(𝑡)                                                                         (3) 

6) Check whether ℎ𝑞(𝑡) is an IMF or not, according to IMF conditions. 

If not, replace ℎ𝑞(𝑡) with 𝑥(𝑡), increment the iteration indicator (𝑞 = 𝑞 + 1), and repeat the 

sifting process (steps 2-5) until ℎ𝑞(𝑡) satisfies the IMF conditions. 

If ℎ𝑞(𝑡)  satisfies the IMF definition, then ℎ𝑞(𝑡) = 𝐶𝑘(𝑡); save 𝐶𝑘(𝑡) and proceed to step 

7. 

7) Calculate the residual r(t) as the formula: 

𝑟𝑘(𝑡) = 𝑥(𝑡) − ℎ𝑞(𝑡)                                                                (4) 

Check if the residue function 𝑟𝑘(𝑡) is monotonic, constant, or satisfies the standard deviation 

stopping criterion. which needs the normalized squared difference between two successive 

sifting operations to be small. The difference is defined as follows: 

𝑆𝐷𝑞 = ∑
(ℎ𝑞−1(𝑡) − ℎ𝑞(𝑡))

2

ℎ𝑞−1
2 (𝑡)

𝑇

𝑡=0

                                                          (5)  

Save the residue and all intrinsic mode functions (IMFs), then stop the sifting process.  

Otherwise, if the residue is not monotonic or constant, replace the 𝑟𝑘(𝑡) with 𝑥(𝑡) and repeat 

the sifting process until the residue is monotonic, constant, or satisfies the stopping criterion. 

The Empirical Mode Decomposition (EMD) method decomposes a complex signal into a 

small number of intrinsic mode functions (IMFs), ordered from high to low frequencies, 

based on local characteristic scales (the distance between successive local extrema). Each 

IMF has symmetric upper and lower envelopes, with the number of zero-crossings and 

extremes differing by at most one. IMFs represent oscillatory scales within a narrow spectrum 

and are typically considered quasi-stationary. For example, an IMF derived from a three-

month economic time series can represent the seasonal component. 

2.2. Quantile Regression 

Quantile regression (QR) (Koenker & Bassett, 1978) is a robust method for modeling the 

conditional quantile function. Unlike traditional regression, QR is resistant to outliers and 

effectively handles data heterogeneity. By examining different quantile levels, it offers a 

nuanced understanding of the relationship between the response variable and predictor 

variables, making it widely applicable across scientific fields. 

 Consider the linear regression model given by 

𝑦𝑖 = 𝑥𝑖
′𝛽 + 𝜀𝑖 , 𝑓𝑜𝑟 𝑖 = 1,2, … . . 𝑛                                     (6) 

where 𝑦𝑖 represents the value of the response variable vector 𝑌 for the 𝑖𝑡ℎ observation, 𝑥𝑖
′ =

(𝑥𝑖1, 𝑥𝑖2, … … . 𝑥𝑖𝑝)
′
 represents the vector of p predictor variables from the 𝑛 × 𝑝 design 

matrix 𝑋, excluding the intercept, 𝛽 = (𝛽1, 𝛽2, … … . 𝛽𝑝)
′
denotes the regression model 

parameters that must be estimated, 𝜀𝑖 denotes the value of the 𝑖𝑡ℎ random error term. Suppose 

that the linear quantile regression model is following 

𝑄𝜏(𝑦/𝑥) = 𝑥𝑖
′𝛽                                    (7) 

The τ th conditional quantile function can then be estimated by solving the following 
optimization problem (Davino et al., 2014): 
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          𝛽̂𝜏 = min
𝛽

∑ 𝜌𝜏
𝑛
𝑖=1 (𝑦𝑖 − 𝑥𝑖

′𝛽).                                             (8) 

 𝜌𝜏 is the check loss function defined as follows: 

      𝜌𝜏(𝑢) = {
𝜏𝑢                𝑖𝑓  𝑢 > 0

(𝜏 − 1)𝑢          𝑖𝑓   𝑢 ≤ 0
                                         (9) 

or equivalently 𝜌𝜏(𝑢) = 
|𝑢|(2𝜏−1)𝑢

2
. 

To improve quantile regression and regularization, a penalty function is added to equation (9), 
as follows: 

𝛽̂𝜏 = 𝑚𝑖𝑛
𝛽

∑ 𝜌𝜏

𝑛

𝑖=1

(𝑦𝑖 − 𝑥𝑖
′𝛽) + 𝜆𝑃(𝛽)                                      (10) 

where 𝜆 > 𝑜 is the tuning parameter and 𝑃(𝛽) is the penalty function. 

To implement the comparison, estimating the tuning parameter λ is crucial in that it regulates 
model complexity. A small value of λ leads to increased model variance by including many 
variables, while a large λ oversimplifies the model, increasing bias. Therefore, selecting the 
optimal λ is important. Common methods include cross-validation (CV) (Stone, 1974), 
Akaike's Information Criterion (AIC) (Akaike, 1973), and the Bayesian Information Criterion 
(BIC) (Schwarz, 2007). 

2.3. Penalized Quantile Regression 

This section discusses QR variable selection.  We specifically demonstrate variable 
selection utilizing ridge regression (Hoerl & Kennard, 1970), LASSO regression 
(Tibshirani, 1996), and elastic net regression (Zou & Hastie, 2005) in a QR scenario. 

2.3.1. Ridge Penalized Quantile Regression 

Ridge regression proposed by (Hoerl & Kennard, 1970), is a widely applied technique that 
minimizes the residual sum of squares subject to a constraint on the coefficients. As a 
continuous shrinkage method, it improves prediction accuracy by balancing bias and 
variance and is commonly used to address multicollinearity. The ridge estimator is given 
as follows: 

𝛽̂𝑅 = min
𝛽

{∑(𝑦𝑖 − 𝑥𝑖
′𝛽) + 𝜆‖𝛽‖2

2

𝑛

𝑖=1

}                                                    (11) 

where λ is the penalty parameter in the range 0 < λ < 1 and ‖𝛽‖1 = ∑ 𝛽𝑗
2𝑝

𝑗=1  is the 𝐿2-

norm of the vector 𝛽. We consider Ridge penalized quantile regression based on EMD 
denoted by RQR.EMD. The ridge penalized quantile regression is used as the following 
formula: 

𝛽̂𝑅𝑄𝑅 = min
𝛽

∑ 𝜌𝜏

𝑛

𝑖=1

(𝑦𝑖 − 𝑥𝑖
′𝛽) + 𝜆‖𝛽‖2

2                                             (12) 

2.3.2. LASSO Penalized Quantile Regression 

LASSO (Least Absolute Shrinkage and Selection Operator), introduced by (Tibshirani, 1996), 
is a regression technique used in generalized linear models for predictor selection. It achieves 
this by shrinking some coefficients to zero, effectively imposing a constraint on the regression 
coefficients. LASSO minimizes the residual sum of squares subject to the constraint that the 
sum of the absolute values of the coefficients is below a constant. The LASSO estimate is 
given as follows: 
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𝛽̂𝐿 = min
𝛽

∑(𝑦𝑖 − 𝑥𝑖
′𝛽)      𝑠. 𝑡.

𝑛

𝑖=1

‖𝛽‖1 ≤ 𝑠 

Where s ≥ 0 is a tuning parameter, and ‖𝛽‖1 = ∑ |𝛽𝑗|𝑝
𝑗=1  is the 𝐿1-norm of the vector 𝛽. An 

equivalent formulation of LASSO is to solve the penalized likelihood problem as follows. 

𝛽̂𝐿 = min
𝛽

{∑(𝑦𝑖 − 𝑥𝑖
′𝛽) + 𝜆‖𝛽‖1

𝑛

𝑖=1

}                                            (13) 

LASSO quantile regression is a regularization method that performs simultaneous estimation 
and variable selection. We consider LASSO penalized quantile regression based on EMD 
denoted by LQR.EMD. The LASSO quantile regression estimates are defined as (Li & Zhu, 
2008). 

𝛽̂𝑄𝑅𝐿 = min
𝛽

∑ 𝜌𝜏

𝑛

𝑖=1

(𝑦𝑖 − 𝑥𝑖
′𝛽) + 𝜆‖𝛽‖1                                              (14) 

2.3.3. Elastic Net Penalized Quantile Regression 

(Zou & Hastie, 2005) introduced Elastic Net regularization, a convex combination of LASSO 
and Ridge penalties, to estimate coefficients by minimizing the regression loss function with an 
Elastic Net penalty. 

𝑃𝜆(𝛽) = 𝜆1‖𝛽‖1 + 𝜆2‖𝛽‖2
2 

The Enet estimator is given as follows: 

𝛽̂𝐸𝑛𝑒𝑡 = min
𝛽

∑(𝑦𝑖 − 𝑥𝑖
′𝛽)

𝑛

𝑖=1

+ 𝜆1‖𝛽‖1 + 𝜆2‖𝛽‖2
2                                     (15) 

Where 𝜆1, 𝜆2 are tuning parameters 𝜆1, 𝜆2 > 0, λ1 and λ2 are dependent on dataset and 
automatically selected via cross-validation (Al-Jawarneh et al., 2024; Masselot et al., 2018; 
Melkumova & Shatskikh, 2017; Zou & Hastie, 2005). The optimal tuning parameters λ1 and 
λ2 minimize the mean squared error (MSE) (Friedman et al., 2010). 

Equation (15) can be rewritten as follows by substituting 𝜆1 = 2𝑛𝜆𝛼 and 𝜆2 = 𝑛𝜆(1 − 𝛼) and 
becomes equivalent. 

𝛽̂𝐸𝑛𝑒𝑡 = min
𝛽

∑(𝑦𝑖 − 𝑥𝑖
′𝛽)

𝑛

𝑖=1

+ 𝜆 [𝛼‖𝛽‖1 +
(1 − 𝛼)

2
‖𝛽‖2

2]                                  (16)   

where 𝛼 is a regularization parameter  0 ≤ 𝛼 ≥ 1. when 𝛼 = 0, the Enet estimation 
undergoes the Ridge estimator, whereas when α = 1, the Enet estimation is subject to the 
LASSO estimator. We consider LASSO penalized quantile regression based on EMD denoted 
by EnetQR.EMD 

The elastic-net penalized quantile regression is used as the following formula: 

𝛽̂𝑄𝑅𝐸𝑛𝑒𝑡 = min
𝛽

∑ 𝜌𝜏

𝑛

𝑖=1

(𝑦𝑖 − 𝑥𝑖
′𝛽) + 𝜆 [𝛼‖𝛽‖1 +

(1 − 𝛼)

2
‖𝛽‖2

2]                       (17) 

3. Application 

In this section, we implemented the numerical simulation experiment and a real data 
application to compare three previously described methods. This analysis uses the hqreg 
package in open-source R software (version 4.3.1). 



                           Humanities and Natural Sciences Journal   Ambark et al. January, 2026    www.hnjournal.net 

 

 Page | 370                                               

                                                                                                                                                                    HNSJ   Volume 7. Issue 1                                

3.1. Simulation Study  

In this section, we selected some of the previously described methods and we carry out 
compared to assess the performance of each method. The simulation scenarios consider three 
quantile regression (QR) levels (τ = 0.25, 0.5, 0.75), and the experiments are replicated 5000 
iterations of sample size n = 300, (0 ≤ t ≤ 9). We use 10-fold cross-validation (10-CV) to 
select optimal tuning parameter values, splitting the simulated data into two parts: 70% for 
training, and 30% for testing the estimated models then evaluated by using the performance 
criteria. The predictor variables and response variable were simulated from signals selected by 
the work of (Al-Jawarneh & Ismail, 2021). 

𝑦 = 0.5𝑡 + sin(𝜋𝑡) + sin(2𝜋𝑡) + sin(6𝜋𝑡) 

𝑥1 = 0.8𝑡 + sin(0.3𝜋𝑡) + sin(2𝜋𝑡) + sin(7𝜋𝑡) + sin(9𝜋𝑡) + 𝜀 

               𝑥2 = 0.4𝑡 + sin(0.2𝜋𝑡) + sin(6𝜋𝑡) + sin(5𝜋𝑡) + sin(12𝜋𝑡) + 𝜀 

3.2. Real Example 

We searched for interactions between daily close exchange rates using three methods that 
were applied in this study. The data contained the daily close exchange rates from 27/03/2015 
to 25/10/2019 of three countries against the US dollar (USD). The application has three 
variables: the daily closing stock market of China and Japan as predictor variables and the 
daily closing stock market of Singapore as the response variable. All the datasets were 
obtained from the Yahoo financial database (https://finance.yahoo.com/). 

4. Results and discussion 

In this study, we present analysis and discussion results for a simulation study and a Real 
Example application.  

4.1. Simulation results 

Table 1 presents the average performance criteria (RSS, RMSE, MAE, MAPE and MASE) for 
all regression methods. The results show that the EMD-LQR method achieved the smallest 
error value in RSS, RMSE, MAE, MAPE and MASE, and the second method is EMD-
EnetQR, followed by EMD-RQR. Thus, the EMD-LQR method in the two cases of the initial 
weight has achieved the highest level of reliability with high prediction accuracy in the 
simulation experiment. 

In general, the results from simulation experiment as shown in Table 1 as well as Figure 1 
indicated that the methods achieve significantly high prediction accuracy. This superiority is 
most evident at EMD-LQR method. 

Table 1 Performance criteria for Simulation study 

𝝉 Method RMSE MAE MASE MAP
E 

RSS 

0
2
5 

EMD-RQR 0.4278046  0.3404682   0.6395371    2.214743     13.92300     
EMD-LQR 0.3693701 0.2936428   0.5520197    2.196710     10.34033     

EMD-EnetQR 0.3753163 0.2986803 0.5615300 2.192719 10.69436 

0
5
0 

EMD-RQR 0.3748610  0.3005444   0.5651808    5.791674     10.750835     
EMD-LQR 0.3101097 0.2468230   0.4650025    6.479146     7.330135     

EMD-EnetQR 0.3160941 0.2522410 0.4752216 8.069193 7.646439 

0
7
5 

EMD-RQR 0.4410148  0.3519458   0.6627698    2.895411     14.79865     
EMD-LQR 0.3705692 0.2940879   0.5543352    2.630749     10.41674     

EMD-EnetQR 0.3794740 0.3018202 0.5688050 2.699739 10.96088 

 

https://finance.yahoo.com/
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Figure 1 Boxplots for RMSE for simulation experiment 

4.2. Real example results 

Figure 2 shows the shape of the original signal of the predictor variable 𝑥(𝑡), which represents 

the daily close price index of Malaysia, and the response variable 𝑦(𝑡), which represents the 

exchange rate of Malaysia. Thus, the shape of the predictor variable and the response variable 

over time revealed long-term trends and short-term fluctuations. These conditions are called 

nonstationary and nonlinear, respectively. 

 

Figure 2 Plots of original signals 

Figure 3 illustrates the EMD decomposition of the predictor variable 𝑥(𝑡). The 𝑥(𝑡) 

decomposed into seven components and one residual component, each decomposition 

component has distinct physical properties, such as wavelength and frequency. 
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Figure 3 Decomposition of the original signal 𝑥(𝑡) via EMD 

Table 2 illustrates the results of the residual sum of squares error (RSS) values of the EMD-

RQR, EMD-LQR and EMD-EnetQR methods at the values of lambda as selected by CV. The 

results show that the smallest 𝑅𝑆𝑆 value is achieved by the EMD-EnetQR, EMD-LQR yields 

the second smallest RSS value. RSS values offer an effective approach for selecting and 

supporting suitable regression models, and the EMD-EnetQR method outperforms previous 

methods by achieving smaller errors. 

Table 2 Performance criteria for real data 

𝝉 Method 𝝀 RMSE MAE MASE MAPE RSS 

 

0.25 

 

EMD-RQR 𝜆𝑚𝑖𝑛 =0.11681787     1.04852     0.60320    6.77596     1.87420     379.2883       

EMD-LQR 𝜆𝑚𝑖𝑛 =0.01168179   1.03828 0.58970 6.62437 1.68978 371.9163 

EMD-EnetQR 𝜆𝑚𝑖𝑛 =0.01460223 1.03831 0.58976 6.62507 1.69144 371.9418 

 

0.50 

EMD-RQR 𝜆𝑚𝑖𝑛 =0.18331510     0.95333     0.54764    6.77051     0.93128     313.5484       

EMD-LQR 𝜆𝑚𝑖𝑛 =0.01833151 0.93163 0.53460 6.60931 1.01850 299.4372 

EMD-EnetQR 𝜆𝑚𝑖𝑛 =0.02036834 0.93167 0.53463 6.60959 1.01803 299.5229 

 

0.75 

EMD-RQR 𝜆𝑚𝑖𝑛 =0.10003276     0.88387     0.64050    7.96860     3.13043     269.5237       

EMD-LQR 𝜆𝑚𝑖𝑛 =0.02334051 0.87819 0.64413 8.01367 4.05427 266.0702 

EMD-EnetQR 𝜆𝑚𝑖𝑛 =0.02593390 0.87811 0.64359 8.00703 4.01925 266.0214 

Figure 4 displays the 10-fold cross-validation estimate plot for EMD-RQR, EMD-LQR and 

EMD-EnetQR methods with τ values of 0.25, 0.50, and 0.75, respectively. Each plot shows 

the mean squared error (𝑀𝑆𝐸) curve (red dotted line) with error bars indicating one standard 

error. The y-axis represents 𝑀𝑆𝐸, the x-axis represents log (𝜆), and the upper horizontal line 

indicates the number of nonzero regression coefficients at each log(λ) value.  
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Figure 4 10-CV estimation of the tree methods at 𝜏 = 0.25, 0.50, 0.75 

The rightmost vertical dotted line indicates the point selected using the minimum MSE 
(𝜆𝑚𝑖𝑛) rule, while the second line represents the point selected using the minimum 𝑀𝑆𝐸 

plus one standard error (𝜆1𝑠𝑒) rule. These lines illustrate the number of non-zero 

regression coefficients selected by each rule. As the Q value increases, the number of non-

zero coefficients decrease, thus 𝜆 is selected based on the optimal minimum 𝑀𝑆𝐸 value. 

Table 3 shows the estimation of zero and non-zero coefficients of decomposition 

components for each of the regression methods used in this study. for example, when τ 

=0.25 in the EMD-EnetQR method, seven coefficients are selected as non-zero. Whereas 

in the EMD-LQR method, the number of the coefficients that have been selected equals 
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seven non-zero coefficients, which have the greatest effect on the response variables. The 

EMD-RQR method selected all the predictor variables in the final model. Thus, this 

method lost reliability and accuracy for the selection. Therefore, the best method for 

reducing the number of components and selecting predictor variables with high prediction 

accuracy is the EMD-EnetQR method. 

Table 3 Coefficients estimation for the predictor variables 

 

 

Variabl

es 

Methods 

EMD-QRR EMD-QRL EMD-QREnet 

τ =0.25 τ =0.50 τ =0.75 τ =0.25 τ =0.50 τ =0.75 τ =0.25 τ =0.50 τ =0.75 

𝜷̂𝟏,𝟏 -0.5431 -0.2815 0.0072 -0.5360 -0.2756 0.0433 -0.5359 -0.2756 0.0416 

𝜷̂𝟏,𝟐 -0.0011 -0.0026 0.0014 0 0 0 0 0 0 

𝜷̂𝟏,𝟑 -0.0017 -0.0018 -0.0031 -0.0005 0 0 -0.0005 0 0 

𝜷̂𝟏,𝟒 -0.0004 0.0007 -0.0019 0 0 0 0 0 0 

𝜷̂𝟏,𝟓 -0.0020 -0.0021 -0.0018 -0.0013 -0.0010 0 -0.0013 -0.0010 0 

𝜷̂𝟏,𝟔 -0.0021 -0.0014 -0.0036 -0.0005 -0.0003 -0.0048 -0.0006 -0.0003 -0.0047 

𝜷̂𝟏,𝟕 -0.0015 -0.0029 -0.0041 -0.0015 -0.0040 -0.0034 -0.0015 -0.0040 -0.0034 

𝜷̂𝟏,𝟖 0.0007 -0.0030 -0.0033 0.0012 -0.0028 -0.0038 0.0012 -0.0028 -0.0038 

𝜷̂𝟏,𝟗 0.0021 0.0019 0.0026 0.0024 0.0025 0.0033 0.0024 0.0025 0.0033 

5. Conclusions 

In this study, we compared some of the previously described methods which are EMD-

RQR, EMD-LQR and EMD-EnetQR. These methods were used to determine the 

relationship between the predictor variables and the response variable to enhances model 

selection accuracy and to address heavy-tailed distributions, heterogeneity, and 

multicollinearity among the predictor variables. The results of the Simulation Study and 

real example showed that the EMD-Enet and EMD-LQR methods are considerably more 

accurate than the EMD-RQR method. Moreover, they are highly capable of identifying the 

actual predictor variables that have the most significance on the response variable with a 

reduced prediction error at τ = 0.25, 0.5, and 0.75. In contrast, the EMD-RQR method 

selected all predictor variables in the final model. The EMD-RQR, EMD-EnetQR, and 

EMD-LQR methods select the best-fitting model that is free of multicollinearity and 

heterogeneity. Future research could explore further refinements to these methods or their 

application in different domains, potentially yielding even more significant insights. 
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