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Abstract

This paper introduces and investigates a new class of special functions called the Humbert
matrix polynomials of three variables. The study presents their definition via generating
functions and explores their algebraic properties. A detailed examination is provided on
their hypergeometric matrix representations, in addition to deriving new generating matrix
functions. Furthermore, the paper establishes expansions of these polynomials in terms of
well-known classical polynomials such as Legendre, Gegenbauer, Hermite, and Laguerre
polynomials. These results extend existing theories of matrix orthogonal polynomials and
provide a unified framework to study various families of polynomials through a matrix
approach.
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1. Introduction and Preliminaries.

The Humbert function is probably the best known special function, within pure and applied
mathematics. These polynomials generalize the well known class of Gegenbauer, Legendre, Pincherl,
Horadam, Horadam-Pethe and Kinney polynomials.

Gould [4] (also see [2]) presented a systematic study of an interesting generalization of
Humbert, Gegenbauer and several other polynomials defined by
(c—mxt+yt™)™P =Y B,(mx,y,p,c)th, (1.1)
where m is a positive integer and other parameters are unrestricted in general. The table of the main
special cases of (1.1), includes Gegenbauer, Legender, Tcheby-cheff, Pincherle, Kinney and Humbert
polynomials, ( see Gould [4] ).

In [9] Milovanovic and Dordevic considered the polynomials {Pn’lm}: =0 defined by the
generating function

(1 —2xt +t™)™* = ¥ Bl ()™, (1.2)
wherem € N and 1 > — 1/2 . Note that
Pr/},l (x) = (/D" (2x — 1), ( Horadam polynomials [5] )
P,fz(x) =C l(x) (Gegenbauer polynomials)
be(x) = P} (x). ( Horadam- pethe polynomials [6])
The explicit form of the polynomial P,fm (x) is

D n—(m-1)r X))k
P () = Byl (—1) Lonstmnr o (1.3)

The set of polynomials denoted by S,‘{ (x) considered by Sinha [16]
(1—2xt +tmQ2x— 1)) = X2 S2(x) ()", (1.4)

is precisely a generalization of §, (x) defined and studied by Shrestha [15].
A generalization of various polynomials mentioned above is provided by the definition
(c—axt+bt"2x — D)D) = X0 Py mabea (" = X 0(x)t".  (1.5)
Pathan and Khan introduced and studied of Humbert polynomials hj, ., (x) defined by (see [11,
p.56 (2.6) and (2.7))

W)p— (mx)nmk
(n (m 2)5)/ ] N
[ m| ok (U)k(zv+2k)n—2k—(m—2)s( /2)
finm () = 2= Zs=0(~k)s (n-2k—(m-2)s)!k!s! (1.7

In [13] Sayyed, Metwally and Batahan presented a study of Gegenbauer matrix polynomials

defined by
(1—2xt+t>)™ =Y, CAM)t", (1.8)

where A is a positive stable matrix in the complex space CV*N of all square matrices of common
order N.

The explicit representation of the Gegenbauer matrix polynomials C/(x) has been given in [14,
p.104(15)] in the form

CA(X) — [ /2]( )k(@_nk( )n mk (1.9)
k!(n—2k)!

Due to Rainville [12, p.181 (Theorem 65), p.283(36), p.194(4) and p.207(2)] we will exploit the

following relations:

n! n/z] (2n—4k+1)Pp_op ()
=n 1.10
I TUA N (1.10)

(Zx)" n/2 (w+n—-2k)CE_,, (x)
Z kKiWns1-k (1.11)
/2 nlHy_ Zk(x)
Zk 0 2kl (n— Zk)" (112)
and

n-K)!1+a),
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Khammash and Shehata [8] presented a study of the Humbert matrix polynomials of two variables
defined by

(mx)n—mr (my)k_m]

nkm(x y; A) = Z[ /ml ZE-k:/gn](_l)iH (A)n+k+(1—m)(i+j) T e— T o—— (1.14)
Pathan , Bin-Saad and Alsarahi [10] introduced and studied of Humbert polynomials
Pn/,lm(x: y,a, b, C) defined by
Pnf,lm(x; y;a,b, )

n/ C—A—(n—(m—l)k)[(A)n (m—1) B
= T ) e S () b2y — DIY (115)

In the last decade the study of matrix polynomials has been made more systematic with the
consequence that many basic results of scalar orthogonality have been extended to the matrix case
(see, for example [1] and [2]).

If ¢ € C™" is such that C + nl is invertible for every integer n > 0, then

(©), =T(c +nDI'1(2). (1.16)

If A,B,C € C™" for which C + nl is invertible for every integer n > 0. The hypergeometric

matrix function F (4, B, C; z) is defined by

1
F(4,B;C;7) = X2, @nBnl@nl 5 (1.17)

n!

it converges for |z| > 1.
The generalized hypergeometric matrix function is given in the form:

oy (A1, Ay, ., Ap; €1, Cy, ..., Cys Z) .
(ADn(A2)n-(4p) (€D (CII ™ (C), ],

=Yro (1.18)
n!
For A € C™", the matrix version of the pochhammer symbol (the shifted factorial) is
A)p=4AA+DA+2D)..(A+(n—-1DI); n=>1;(A), =1 (1.19)
Also, from (1.19) it is easy to see that
(A)n+k = (A)n(A + nl)k: (120)
Dk = (1A, — A —nDF, (1.21)
and
D =M™ M (2 + 5= 1) (1.22)
n
where m is positive integer.
1 (_1)mk
o (—M)mk; 0 < mk <n, (1.23)
(=nl) e = m™* [I™ 1( (s—n— 1)1) (1.24)
For any A € CV*N we will exploit the following relation due to [13]
(1= =2 (Dn=, IxI<1, (1.25)
in general
1—x, — —x)A=3 A G T
( X1 X2 — xr) ny+ny+-- +nr_0( )n1+n2+ +ny nyngl.ng !’ ( . )

where |x; +x, + -+ x| < 1.
Also we recall that if A(n, k) are matrix in A € CVN*N forn > 0 and k > 0 that it follows that:

S o T Al ) = Yo Yroo ACk,n — k), (1.27)

Yin=0 Lk=0A(k,n) = Y7 OZk oA(k n+ k), (1.28)

Y=o Zk=0 Ak, n) = ¥5L oZk A(k n — 2k), (1.29)
and, for m is a positive integer such that n > m, then

Sitzo Zhlm Ak, n) = Biioo ieno Ak, + mic), (1.30)

LI RV ICADED il 02[ ol agie,n = mlo), (131)

20 Sneo Ak, n) = 20 Shlm Ak, n — mk + k), (1.32)
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Finally, we recall the relation
!

Ce+ )" = Titeo (§) ¥ VK = Tico XY™ (1.33)

The primary goal of this paper is to introduce and study a new class of matrix polynomials,

namely the Humbert Matrix polynomials of three variables and discuss its special cases,

hypergeometric matrix representations, the Additional generating matrix functions and expansions of

the Humbert matrix polynomials of three variables in series of Legender, Gegenbuaer, Hermite and
Leguerre polynomials are given.

2. The Humbert Matrix Polynomials Of Three Variables

Let 4 be a positive stable matrix in C NN -and a, b, c,m are positive integers. The Humbert

matrix polynomials of three variables is define by means of the generating relation:
(1 - (axt —t™) — (bys —s™) — (czu — um))_A
= Yrkr=0 Prmir(@b,c;x,y,2)t"s*u". 2.1)
Now, by using the above generating function we will deduce the Humbert matrix polynomials of
three variables Pém,k,r (a, b, c; x,y,z) in the form of the following theorem:
Theorem 2.1.
Let us assume that 4 € and a, b, c, m are positive integers, then the following formula for
the Humbert polynomials of three variables P,f’m’k_r (a,b,c;x,y,z) holds true:
/il [¥/m] [7/m]

Pimicr(@b %y, 2) = ) ) (“DF W uasan-omoniisson)
i=0

j=0 wv=0
(ax)n—mi(by)k—mj (Cz)r—mv
(n-md)il(k—mj)!j!(r-mv)lv!

Proof. Let us denote the left hand side of (2.1) by W and by using (1.26), we have
-4
W = (1 - (axt —t™) — (bys —s™) — (czu —u ))
- (axt —t™)*(bys — s™)*(czu — u™)"
Z Z Z(A)n+k+r I
nlk!r!
n=0k=07r=0

Appling relation (1.33), we obtain

CNXN

(2.2)

k

. Z Z z z z z( D (A it “‘? - :)('t: !

nOkOrOlO]O_vO )
(bys)* 7 (s™)! (czu)" ™" (u™)"

X ’gk D! (r—v)!v!
o o o n r n—i k—j
= nZ(:) kzzmzog Jz(; Z( DY (A pirsr (ax()n _(ll;?/l)l
(cz)™?

X n+(m-1)i k+(m-1)j,,r+(m-1)v
(k=D (r —v)!v! S u
which using relation (1. 28) we ﬁnd

) Y O G G2k ol

nkr=0 i=0 j=0 v=0
X tn+mlsk+m]ur+mv

Using relation (1.31), we obtain

o [Ym) [/m] [7/m]

W = z z Z Z( 1)l+]+v (A)n+(1 m)i+k+(1-m)j+r+(1-m)v

nkr=0 i=0 j=0
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(ax)n—mi(b )k—mj(cz)r—mv
Yy ngkyr

(2.3)

(n—-mi)lil(k—mj)'j!(r—-mv) !
By equating the coefficients of t"s*u" with the right hand side of (2.1), we get the relation (2.2).
Putting z = 0,a = b = m in equation (2.2) and in view of equation (1.14).
3. Hypergeometric matrix representations

We study here the representation of the hypergeometric matrix representation for the Humbert
matrix polynomials of three variables by using relation (1.23) in (2.2), we get
Pt k(@b c;x,y,2)
™/l [¥/m] [7/m]

Z z Z( 1)MADEH) (A) k)= n-1)(4j40)

><( 1) i (=) mj (=) mp (@)™ (by) K= (cz)T =™

nlilk!jlriv!

: 3.1

Also, using relations (1.24) and (1.22), we obtain
PTIlq,m,k,r(a! b: aGx,y, Z)

Tl/m k/m T/m m

_ @ s rren (@) by)* (c2)” 1 (s—=n-1)

- nlk!r! Z Z Z s itjlotl 1( )
1 (U—k—1)

LI=),

- (u—r—l) A—(n+k+r)1+s] -
1_[< v m-—1 )i+j+v

Ju=1

X ((m—l)zinl(ax)m)l ((m—1)$in1(by)m)] ((m_l)ﬂ(cz)m)va (3.2)

which on using the definition of the generalized hypergeometric series ,F, [17] gives us the

following hypergeometric matrix representation

(A)(n++k+r) (ax)n(by)k(cz)r F(3) 21 n-— 11
nlk!r! mm=m®” m

n—m—llk k—1 k—m—llr r—1 r—m-—1

PTIlq,m,k,r(a! b; G XYy, Z) =

X I_ ) ) ) I_ ) LA | ;
m
—A—((n+k+r)-1DI A= ((n+k+1)=2) —-A—((n+k+71)—(m-1)I
m—1 ’ m—1 T m—1
mm mm mm
" (m-1D)™"1(ax)™’ (m-1)m=1(by)™’ (m—l)m‘l(CZ)m]' (-3)

For z = 0,a = b = m, we gives hypergeometric representation of Humbert matrix polynomials of
two variables [8].
4. Additional Generating Matrix Functions
By proceeding in a fashion similar to that in Section 2, in this section we aim at establishing
the following additional generating functions for the Humbert matrix polynomials
PAmkr(a b,c;x,y,2):

Z Pn,m,k,r (a,b,¢c;x,y,2) [(A)n+k+r]_1tnskur

i (axt)™(bys)*(czu)"

nlk!r!
nk,r=0 n,k,r=0
A+ (n+k+1)l A+ (n+k+r—(m—-—1))I
EP[A+ (n+ k +1)I; ( x ( (n=1) ;
m m

-7 )

Z (e)n+k+rpril,m,k,r (a,b,c;x,y,2) [(A)n+k+r]_1tnskur

n,k,r=0
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O (@nsrer (@xt)" (bys)k (czu)
- Z nlkir!
et(n+k+r) et+(n+tk+r—(m-1)) A+m+k+n)l

) ey

A+(n+k+r—(m1—nl))1__ t m (s mTTi u m
ST e

m m m m

il EO A+ (4 k+ 1)

nk,r=0

m

Proof. From (2.2), we have

Z A ier (@D, 6 %,y, 2)[(A)naprr] s U
nk,r=0
] [%/m] 7 /m]

= Z z (_1)i+j+v (A)(n+k+r)+(1—m)(i+j+v) [(A)n+k+r]_1
nkr=0 i=0 j=0 v=0 ) ]
(ax)n—ml(by)k—mj (Cz)r—mv
(n—mi)'i! (k —mj)!j! (r — mv)!v!
Now, on using the result (1.29), we get

Z Prllq,m,k,r(a! b! GxXY, Z)[(A)n+k+r]_1tnskur

nk,r=0 (o) o 00 00
Z Z Z Z( )l+]+v (A)(n+k+r)+(1+j+v) [(A)(n+k+r)+m(1+]+v)]

n,k,r=0 i=0 j=0v=0 X
n T
(ax)"(by)*(cz) ntmi gk+mj, r+mv

nlllkl ilrlpl

cO 00 00

i Z z Z(—l)”“” [(nsrsr A+ 4k + ) Dmiinen)]

nk,r=0i=0 j=0v=0 k
n T
(ax) (by) (CZ) n+mLSk+m] r+mv

n'i! kl]lrl v!

n.k,,r

sTu

X

X (A)n+k+r(A + (Tl +k+ T)I)i+j+v

o o0 o

i ZZZ( D (A + (4 k+ 1) D1
nk,r=

0i=0 j=0v= X
n T
-1 (ax) (by) (CZ) n+mLSk+m] r+mv

n'i! kl]lrl !

X [(A+ M+ k + 1D jav)|
And by using (1.21), we get

Z e (@ b, 6,3, D (A a5 07

n,k,r=0
)i+j+v

_ i (axt)"(by S)k(czu)rz > i D btk + P Dis o

nlk!r! ijlv!
nk,r=0 i=0 j=0v=0

m _
y [mma+,-+v> 1—[ <A +(+k+r— W)1>
m .
w=0 i+j+v

. i (axt)™(bys)*(czu)" i (—1)H+i+v

nlk!r!
nk,r=0 i,j,v=0

(I Ty @ (@)

which on using the definition of the generalized hypergeometric series ,F; [45] , gives us the

hypergeometric matrix representation in (4.1).
If e is an arbitrary number, maybe a complex number, in similar way (4.1), we can obtain (4.2).

™) (™) @™)”

l' il

v

P age | 103 Humanities and Natural Sciences Journal Fadhl. July. 2025 www.hniournal.net



On Humbert Matrix Polynomials of Three Variables HNSJ Volume 6. Issue 7

5. Expansions

From (2.2), we have
oo [n/m [k/m] T/m

Z Pampcr(@Db,c;x,y, 2)t"sku" = Z z z Z( 1)iti+v

nkr= nkr=0 i=
(ax)n ml(by)k mj(cz)T—mv

n—mi)!i'(k—-mj)!jl(r—-mv)!v!

X (A)(n+k+r)+(1—m)(i+j+v) 0
Using relation (1.29 ), we find

Z Pém,k,r(a’b;CIX,y,Z)tnS = Z ZZZ( 1)l+]+17

n,k,r=0 nk,r=0i=0 j=0v=
(@)™ O (D) pimi

k+m]ur+mv
nlilk!jlriv! ’

X (A)(n+k+r)+(i+j+v) N

On using the result (1.10), we have
n

(ax)" Z/Z:] 2n—4s+1)
n! $=0 s! (S/Z)n_s

Pn—ZS (ax/z)

equation (5.2) gives us
© 00 / 2 r/Z]

i P k(@b c;x,y, 2)t"sku" = i Zzz Z Z Z( 1)+

nk,r=0 n,k,r=0i=0 j=0 v=0 s= =0 w=0
(2n—4s+1)(2k — 4u+1) 2r—4w+1)

ijtotst3y) 10 (3Ly), wily)

X Pn—Zs(ax/Z)-Pk—Zl( /2) . ZW(C / ) tn+ml k+m]ur+mv
Using relation (1.30 ), we obtain

Z Pamicr(@ b, c;x,y, 2)t"sku" = Z Z Z (—1)iti+v

n,k,r=0 v=0s,L,Lw=0

% (4) 2n+1)Rk+1)2r+1)
(m+k+r)+2(s+l+wW)+(i+j+v) 7.
iljlv!s! (3/2)n+sl! (3/2)k+lw! (3/2)
% Pn(ax/z)- Pk (bY/Z) .P. (CZ/Z)_ tn+25+misk+21+mjur+2W+mv
By using relation (1.27), we get

Z mkr(a b,c;x,y,z)t"s*u" Z Z ZZZ( 1)iHi+v=(s+i+w)

n,k,r=0 nk,r=01i,j,v=0s=0 =0 w=

x (4) (2n+1)(2k+1)(21”+1)P(ax/z) P (/)
(AT HS W) " (= DI (v — w)! S'(g/z) l'(3/2)k+1

CcZ
P( /2) tn+ml+(2 m)s k+mj+(2-m)l r+mv+(2 m)w

WGl

X (A)(n+k+r)+(i+j+v)

r+w

n+s

r+w

thskur,

(5.1)

(5.2)

Using series manipulation, for which n,k,r can be replaced by n — mi — (2 —m)s, k —mj —
(2—-m)l,r —mv — (2 —m)w respectively in the right-hand side of the last equation, so this

equation can be written as:

[n—(m—z)s] [k—(m—z)l] [r—(m—z)w

® co m m m
z PTIl‘l,m,k,r(ar b, (oH X,y,Z)tnS = Z z z Z

n,k,r=0 nk,r=0 i=0 j=0 v=0
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i J v
X Z z z (= 1)THIH=(HW) (A) k) (1mm) (i 4 0)— (=) (s L w)
s=0[=0 w=0
2n—-2mi—-22-m)s+ 1)k —-2mj—-2Q2-m)l+ 1)Q2r —2mv—-2Q2 —-m)w+ 1)

n-mi-— m)s p -m m / r-mv-— m)w
(- l)s('])l( V)w P 2=m)s(*/2)-Prmj-a-mn(*/)P @-mw(“/2) tskur. (5.3)
l]"l]'

X
S'( /Z)n mi—(1-m)s (/Z)k mj—(1— m)l ( /Z)T mv—(2-m)w

By comparing the coefficients of t"s*u” in both sides of (5.3), we get

Prfmkr(arb; C;xiy!Z)
o [n+(m 2)5] [k+(m Z)Z] [r+(m Z)W]

=2 2 2 ZZZ< S

s=0 =0 w=
X (A)(n+k+r)+(1—m)(l+]+v)+(m—1)(s+l+w) (2n—2mi—-2(2-m)s +1)

X (2k —2mj =22 —-m)l+ 1)(2r —2mv — 22 —m)w + 1) (—i)sgl—j]");'(—v)w

b
Pn—mi—(2—m)s(ax/2)-Pk—mj—(2—m)l( y/z)Pr—mv—(z—m)w(CZ/z)

X (5.4)

S!(3/2)n—mi—(1—m)sl!(3/2)k—mj—(1—m)lW!(B/Z)r—mv—(z—m)w
The result (5.4) is an expanded for Humbert matrix polynomial in a series of Legender polynomials.
Similarly, on using the result (1.11), which can be written as

@ _(5) _plvdasezn oy L gech (@) (5.5)

n! n! 5=0

Now, by using (5.5)1n (5.2), we get
oo d (_1)i+j+v
Z amir (@D, ¢ x,y, 2)t"sku = Z — 7 (D k)4 j+v)

ijlvl
nk,r=0 n,k,r=01i,jv=0

n k
ﬁ [z/z: Z A+ n-2)D)(A+ (k—=2DDA+ (r —2w)I)

sl'w!

[(A)n+1—s] -

_ b . .
[((Drs1-1] 7 Ay 41-w] 16134—25(ax/2)61§4—21 ( y/z) CrA—ZW(Cz/z)tn+m15k+m]ur+mv
(5.6)

By using (1.30) and (1.27) in (5.6) respectlvely, we get

Z P k(@b c;x,y, 2)t"sku" = Z z ZZZ

n,k,r=0 nk,r=01i,j,v=05s=0 =0 w=

(_1)i+j+v_(s+l+w) (A)(n+k+7‘)+(l+]+v)+(s+l+w)
A=sNG-D'wv—w)!s!l!w!

X [(Dtrs] D] (W] @)t (75) €A(€41)

% tn+25+m(i—s)Sk+zl+m(j—l)u7"+2W+m(U_W), (5.7)

(A+nD)(A+ kDA +7rD)

Using series manipulation, for which n, k,r can be replaced by n — mi — (2 —m)s, k — mj —
(2—-m),r —mv — (2 —m)w respectively in the right-hand side of the last equation, so this
equation can be written as:

[n+(m z)s] [k+(m—2)l] [r+(m—2)w]
;.:k,rzoprf,mkr(a b,c;x, y,z)tnskur = Ookr 021 0 Zj:om Zv:Om

Z Z Z( 1)+ o 4w (A) (ntk+7) = (m=1) i+ j+9)+(m=1) (s+ 1+ W)
i—s)N{ - l)'(v —w)!s!l'w!
s=01l=0 w=
X (A + (n mi + (m 2)5)1)[(A)n -mi+(m— 1)s+1] ml+(m 2)5( /2)
X (A+ (k—mj+ (m—2)DD[(A)k-mj+m- 1)l+1] Ck m]+(m 2)1( /2)

XA+ @ —-—mv+(m-— Z)W)I)[(A)r mv+(m— 1)W+1] mv+(m 2)W( /2)
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X thsku”. (5.7)
By equating the coefficients of t"s*u", we obtain
Prllll,m,k,r(a! b, XY, Z)

[n+(m 2)s ] [k+(m Z)I] [r+(m Z)W] i ; )

z 2 z z 1)i+j+v—(s+l+w)
v=0

s=0 [=0 w=0
(A)(n+k+r) (m— 1)(L+]+U)+(m D(s+l4+w)
G=s)NG-D'v—w)!s!lIw!

-1

X [(A)n—mi+(m—1)s+1] C;zq—mi+(m—2)s(ax/2)(14 + (k - m] + (m - Z)Z)I)
X [ icmietmovies] Clomgrimezn () (A+ (r —mv + (m — 2)w)])

A+ m—mi+ (m—2)s)])

[(A)r mv+(m— 1)w+1] mv+(m 2)w( /2) (5-8)
The result (5.8) is an expanded for Humbert matrix polyn0m1a1 in a series of Gegenbuaer
polynomials.
On using the result (1.12), which can be written as
_ ax ", n
(ax)™ = (2 ?) ZS 02 sl(n—2s)! n—2s(ax/2)' (5.9)

Now, put (5.9) in (5.2), we find

Z Prﬁm,k,r(a,b,c;x,y,z)t"skur: Z Zzz (—1)iti+v

n,k,r=0 nk,r=0i=0 j=0v=0

(A)(n+k+r)+(i+j+v)
H ax
% iljlvlst(n— 291 (k —2D)!'w! (r — 2w)! n-2s(/2)

X Hy_o; (b)’/z) HT—ZW(CZ/Z)tn+misk+mjur+mv: (5.10)

By using (1.30), (1.27) and series manipulation, for which n, k,r can be replaced by n — mi —

(2—-m)s,k —mj— (2—m)l,r —mv — (2 —m)w respectively in the right-hand side of the last
equation, so this equation can be written as:

[n+(m—2)s] k+(m-2)1 [r+(m—2)w

s (o] m m m
Z P7114,m,k,r (a, b, GXxYy, Z)tnS = Z z z Z
n,k,r=0 Kr=0 =0 = —
Z Z Z( 1)l+]+” (s+l+w) (4 )(n+k+r)_(m—1)(i+j+v)+(m—1)(s+l+w)
STGA—N UG = D!w! (v —w)!

§=0 =0 w=
Hn—mt+(m—2)s( /Z)Hk—m]+(m—Z)Z(by/z)Hr—mv+(m—2)w(CZ/Z)
(n—-mi+(m-=2)s)I(k—-mj+(m-2))!(r—-mv+(m-2)w)!
By equation the coefficients of t"s*u" in (5.11), we get

[n+(rrrrll—2)s] [k+(m—2) l] [r+(m—2)w]
=0

P rfl,m,k,r(a, b,c;x,y, z) = Z Z Z
i ‘ j=0 v=0

v

j
% Z Z (—1)iHi+v=(s+i+w) (A) (nk+7) = (m=1) i+ j+9)+(m=1) (s+ 1+ W)
st@=—s)NUG-D'w!(v—w)!

thsku”, (5.11)

Hn—mi+(m—2)s(ax/z)Hk—mj+(m—2)l(by/z)Hr—mv+(m—Z)w(CZ/2) 5 12

(n-mi+(m-2)s)!(k—-mj+(m-2)D)!(r-mv+(m-2)w)! ( )
The result (5.12) is an expanded for Humbert matrix polynomial in a series of Hermite polynomials.
Also, on using the result (1.13), which can be written

X
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(0" = (2 E)n _on (%)n _ on ?zo(_l)s n!(1+a)y, a(ax/z) (5.13)

2 2 (n-)!(1+a)s
Now, by using (5.13) in (5.2), we get

(00} (00} co co
Z Prﬁm,k,r(ar b, c; X, Y, Z)tnskur — z z Z Z( 1)i+j+v 2n+k+r
n,k,r=0 nk,r=0i=0 j=0v=0

n
% Z Z z (A)(n+k+r)+(i+j+v)(1 +a),(1+a),(1+a),
djlvln—s)k-D'r—w!Q+a);(1+a),(1+a),
S= =
X LE(HX /5 )L§ (FX [ ) Lo, (AF [y e miskemiyremy, (5.14)
By using (1.32) and series manipulation, for which n, k,r can be replaced by n —s —mi, k — [ —
mj,r —w — mv in the right-hand side of the last equation so this equation can be written as:

> k/Z r/2
z PTil.m,k,r(a' b; o x}y,z)tnskur - z z 2 2 Z Z z
n,k,r=0 nkr=0 i=0 j=0 wv=
(1) on+k+r—m(i+j+v) (A)(Tl+k+r)—(m—1)(i+j+y)
ijlvl(n—s —mi)! (k=L —m)! (r —w — mv)!
et (U (W (s, (519

(1+a)5(1+a)l(1+a)w
By comparing the coefﬁcients of t"sku" in (5.15), we obtain

e IR AT AT
Pfmicr (@b, c;x,y,2) = Z Z Z Z Z Z( 1)i+i+vgntsr=m(i+j+v)

(A)(n+k+r) (m- 1)(l+]+v)(1 + a)n ml(l + a)k -mj
ijlvln—s—mi)l (k=1 —mj)! (r —w — mv)!

+a)r-mw
X (1+a§5(1+)a)l(1+a)w Ls (ax/Z)L(lx (ax/Z)L%V (ax/Z)’ (5.16)
The result (5.16) is an expanded for Humbert matrix polynomial in a series of Leguerre
polynomials.
Finally, we will expand the generalized Humbert matrix polynomials in series of the generalized
Hermite matrix polynomials by employing (2.3), (1.30) and [37,p.276 (3.3)] and taking into account
that each matrix commutes with itself, one get

(o]
n+k+r
Z a b *c7(V/24) P kr(@ b, c;x,y, 2)t sk u"
nk,r=0

i /] 7 /m]

Z Z Z Z Z( DI (A iy + i+ +0)

nkr=01i,jv=0 s= =
% Hy s m (%, A)Hk mlm(y'A)Hr mw,m(Z, A) gntmi gktmj rbmy
lljlvlslllwl S u

Z Z Z (_1)i+j+v (A)(n+k+r)+(i+j+v)+m(s+l+w)

nk,r=01i,j,v=0s,l,,Lw=0
nm(x A)Hk m(y’ A)Hrm(Z A) n+ml+mssk+m]+ml

r+mv+mw
ll]lvlslllwl u
Also, using relation (1.27), we find
n+k+r
z a "bkc7T(V24) P kr(ab,c;x,y, )t sk u"
nk,r=0
o) [e%) i j v
= z z Z (= 1)THIHV=(TWD (A) bty 4 (it jb )+ (m—1) (5414 w)
nk,r=01i,j,v=0 s=0 [=0 w=0
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Hyy (%, A)Hye 1 (v, A) Hy 1 (2, A) pnbmi gketmyy r+my
(l—S)'(] D! (v —w)! sl lIw! S

Z Z ZZZ( 1)L+J+v (s+l+w) (A)(n+k+r)+(1+]+v)+(m D(s+l+w)

nkr 01i,j,v=0s5=0 1=0 w=0
Hy, m (%, A)Hk m(Y, A)Hr m(z, A)(—=iD)s(—jD)(—vD),, pntmi gkt rbmy
( 1)s+l+wl|]| vistitw!
which by using series manipulation, for which n, k,r can be replaced by n — mi,k —ml,r — mv
respectively in the right-hand side of the last equation, so this equation can be written as:

0 o n/m [k/m] T/m
k
Z a—nb—kc—r(,/zA)n+ +rprﬁm'k’r(a,b,c;x,y,z)t"s "= Z z Z Z
nk,r=0 nkr=0 i=
i v
Zz Z(—l)”“”_(””"") (A) (et k) +(1=m) (i j40) + (m—1) (s-+L4+w)
s=0 [=0 w=

Hy—mim (%, A)Hk mjm (Vs A Hy_ym (2, A) (=) s (=D (—=vI),, gk
X Su
(—1D)stHwiljlpl st T w!

Then
/il /] 17/l
1)itj+v
PAir(ab,c;x,y,2z) = a*b*c"(V24) IE Z Z Z D

lvl

X (A) (et esr) + (1= m)(l”“’)iz z (—iD)s( —JI) (—vD)y

sllw!
s=0 I=
XA+nn+k+r)[+ (1 - m)(l +] + V)1 m—1)(s+14w)

X Hn—ml,m(x A)Hk—m],m(yfA)Hr—mv,m(Z A)
(/m] [¥/m] [ /m]

—(n+k+r) ( 1)l+]+v
Flmara:b.6272) = e 6B S DS S
(—il)s(=jD)(—vI) _
X (A)(n+k+r)+(1 —-m)(i+j+v) Z z z 2 STl w (m — 1)(”1 D(s+1+w)
m—1 s=0[=0 w=
o <A+(n+k+r)+(1 m)(l+]+v)+p—1>
p=1 -1 (s+1+w)

X Hn—mi,m(x:A)Hk—mj,m(yf A)Hr—mv,m(z: A)
P;{fmlklr(a, b,c;x,y,2)
() [/m] 7]
—(ntk+7) (—1)i+i+v
= a"b*c"(V24) Z Z Z (A) (k) +(1=m) (i +v)

lvl
i=0 j=0 wv=0
A+(n+k+)I+A—-—m)i+j+v)]
X WP [—il, — I, —vl, ( )+ ( )i+j+v)

A+(n+k+r)1+(1 m)(L+]+v)I+(m 12)1

) neny

sm—-1mt ]
X Hy mlm(x A)Hk m]m(y’A)Hr mvm(z A)
Conclusion
In this work, we have mentioned the Humbert matrix polynomials of three wvariables.

Hypergeometric representations, some basic relations involving the Humbert matrix polynomials,
such as generating function and expansions in series of matrix polynomials.
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